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BACKGROUND e

WENO Liu, Xu-Dong et al. (1994)

® based on point values Scheme (WCLS) Wang, Qian et al. (2016)

Weighted Compact Least-squares

= based on polynomials (IEE\E/‘:/YE?\;:SL(|999) = compact WENO scheme (based on polynomials)

optimal spectral characteristic -

. . M.P.Marti'n et al. (2006) ...
optimal weights -
Castro etal. (2011) ...

explicit polynomials -
High-Resolution :

Robust
Compact WENO Scheme “ Robustness

¢ ® compact least-squares
(based on point values)

reconstruction
= high-resolution in implicit scheme

¢ = linear weights wy, w,
Yu-Xin Ren et al. (2003) ...

~. ® non-linear weights
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® Weighted least-squares reconstruction
= Dispersion and dissipation analysis

= Optimal non-linear weights

Extension to Euler equation

Numerical tests

Conclusions

RECONSTRUCTION
= Reconstruction polynomial = Determine unknowns
i Minimize the point-value difference at the
(k=2 (%) ' 21_1 i (%) interface of neighboring cells
= 3-order polynomial (including derivatives):
2
. =1 (X=X (=) L (0) — po) _
Pi(x) =1u; + al,l( T ) +a;, [( . ) 12‘ P (xii%) = PiJ_rl(xii%), 0=01..n
n<k=
unknowns a; 1, a; 5 So n=2
A
I 1 .
m Compact stencil e Each sub-stencil
; i introduces 3 egs.
Si = Wie1, Vi, Viga} () 'l g
sub-stencil Vir | The control volume V;
I .
So = {Vi_y, Vi, Sy = (V;, Virs} s, corresponding to 6 egs.
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RECONSTRU CTION NINGBO UNIVERSITY
Matrix form E,a; + F;a;_, + G;@;4, = b; ';:3:‘;% = block-tridiagonal system
ﬁ E’{ Didi + Lidi_l + Uiai+1 = 51' i = 0,1 ..N
Pi(xi_l) = Pi—l(xi_l) .
2 2 E MA=V
€Y} _ p(
s v [Apr = A8 ) b, v, L
p@ _ p@ Lz D, U
P NGO RLEICS wo| L D U
_ l . . .
wi; =wih . —p
l Pl(x”%) - Pl+1(xi+%) Ly Dy Uy

S1—  Win [Pi(l)(xH%) = Pz(+11) (xi+§)]

» o A=l al .. anT
iA1= P ) gl

Explicit 3-order polynomial P;(x)

OUTLINE

= Weighted least-squares reconstruction
® Dispersion and dissipation analysis

= Optimal non-linear weights

Extension to Euler equation

Numerical tests

Conclusions
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SPECTRAL CHARACTERISTICS

® Finite Fourier discrete

. dispersion - Re(}c’) _ —6sin k{n,+n, cos k+ns cos 2k}
= u(x,t) = A4,,(t)etkm* d,+d, cos k+d3 cos 2k
- ikmx; . 6
. il Bm(t)e.km t dissipation | , 576w2w? [Sll’l(g)]
a; o = Cp(t)etm¥i B /m(k') =
b2 m(®) ( ) dq+d, cos k+d3 cos 2k
_ A o o
s G(xt) = ﬁ(ezkmxuo.s — elkmxl—o.s) & n, = 2(W12 + 3w22 + 9w12w22)
P ) n, = wZ — 6(1 + 4w?)w? 441
) i+s i-= — w22 w
= Modified wavenumber k' = k - # M3 = 6wiw; 2
i+% i—% d; = -9(w? + w2 + 12w?w2)
. 2 d, = 8wf(—1+ 18w2
[CI P, (ﬂ) ta (ﬂ) _1 2 = Bwi vz
a PR L2\ n 12 d; = —[w? 4+ 9(—1 + 4w?)w?]

SPECTRAL CHARACTERISTICS

) F ik xS

NINGBO UNIVERSITY

= High-resolution

1= fon oV(T—K) (a[Re(K') —kl*+(1-0) [lm(lc') -y (sin g)ﬂr) dk.

v=7,u=16 og=0.5
Ww; =0.0111760 W, = 0.00091551
v=7,u=8 o=0.1
W, =0.0746201 W, = 0.00863398
v=8u=28 o=0.1

W, =0.0787969 W, = 0.00802832

M.P.Marti'n et al.
Journal of Computational Physics (2006)
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SPECTRAL CHARACTERISTICS ' NINGBO UNIVERSITY

: — Spectral -
. —a— UWws3 04
linear 0004 —o— uws
B —=©6—— WCLS v=7, u=16 i
L — — — WCLS v=8, u=8 B
scheme | ——a—— WCLS v=7, u=8 L
0.002 [~ |
: 04
) I — |
x 9 E |
Q B - B Exact
e | 08k — s uw3
I | —v— UWS5
| —O—— WCLS v=7, u=16
-0.002 - — — — WCLS v=8, u=8
B - —0—— WCLS v=7, u=8
| 12
-0.004 [ i
| L ) L 1 | | I | 1 1
0 1 0 0.5 1 1.5 25 3
K K
K
!
|Re(K )/K - 1| < 05% Wang, Qian et al. Journal of Computational Physics (2016)
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Weighted least-squares reconstruction

Dispersion and dissipation analysis

Optimal non-linear weights

Extension to Euler equation

Numerical tests

Conclusions
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NON-LINEAR WEIGHTS

Critical points
®  Local extreme points

= discontinuities

On the accuracy loss of
3-order WENO schemes

= Over dissipation

= Extended stencils

Sy =S8 U{Vi_,}
Sr =8 U{Vis2}

® Smooth indicator

Pi(xi_%) = Pi_l(xi_%) Pl-(xi%) = Pi+1(xi+%)
(€Y _ p@® ® _ p()
wy -4 Wi [Pz (x = Pi—1(xl % ] L wp - Wit [Pl (xl,_%) = Pi+1(xl-+%)] \
LWL-'2 [Pi(Z)(xi 1) = Pl(_zi(xl 1 Wi [Pi(Z)(xH%) = Plg_zi(xl_'_%)]

N N N = r - "
Least-squares D;a; + L;a;—y + U;8;44 = ¢; | optimal]
1 weight

-————

= Non-linear weights w;, wp

NON-LINEAR WEIGHTS

, = IfS; is smooth, both of w;, wg approach to'lr_l_._:

= [f a discontinuity crosses S;, w; or wi approaches
to 0.

Baeza et al. (2020)
SIAM Journal on Scientific Computing

NINGBO UNIVERSITY

= OWENO3 :°PF":a': = Case3: [,=0(1) = (W4 — Uj1)?
Baeza et al. SIAM Journal on Scientific Computing (2020) hv—/e—lf— E -: ] 1
= Non-li ight wo: = B *1co '+ (1 — B)ivg B = =——0(¢)
on-linear weight wy: = f§ 1Co| B Wo, J¥THe 145
_______ 7__. 1
® Thresholds ’3 = J | non-linear part ! = %o O(S)
J+T+e | L+e (2
(Casel} | _loth+e | 1
o _“’ = raY -2m - O(S)
1+ O(h*=2k) 4 O(e) if S is smooth, f € C3, 1+0(h=2m)
- — 0O(h2

O(h?) + O(e) if a discontinuity crosses S. §;. = 0(h*™) + 0(e)
' . o . ’\,C_a;ei\, ®  Though S; is smooth, the optimal weight
if a discontinuity —— .- isn’t dominate.
crosses S\S; 3 = 1 E

~ = ! Whether the non-linear weight w,
—e—9 © : co---2- o=l
Z _ v T can still approach to!optimal weight:?
L Wiz Wiy Wy Uiy Wi mom o e :
1
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NON-LINEAR WEIGHTS N L cmo v

® Non-linear weights (WCLS) ® Characteristics
wgp =B x1+ (1 —p)wg
= Obtimal 1-0(r* %) -0(e) Sptig,
pHima = B =14 0(h*™)+0(e) S, T T,
~ 2[lg+e(M)]+1, 0(h®)+0 I, = 0(1).
" Wr = Io+I;+2e(R)+1; €(0.2] ) ) ’ W
If I, = O(1)—> ZR—%E;)OFSEQ 1+0(h"2) +0(e)  Spitiift,
IS " e =i +0(h?) +0(e)  SAIII,
— wg =1+0(h?) 1+0(hR?) +0(e) I, =0(1).

® Jg=loly + ol + L1,

SN
Lty g e e

= wp +w, =2+ 0(h?) + 0(¢)

‘% ik x5

NON-LINEAR WEIGHTS Q) v

0.01 —

—_— CWENO3 04

. - / \ —O— WENO3Z
Non-linear | / | —a— WENO3S

—=<v—— WENOS5-JS

scheme 0005F — — — - i T\ T o wols w7, s
B \ — — — WCLS v=8, u=8 -0.5

N
& < r
= 04 X | ———- CWENO3
& E [ —o— wenosz
&) = —a— WENO3-JS
i —=— WENO5-JS
B Spectral b
| - ——8—— WCLS v=7, u=8 5
i — — — WCLS v=8, u=8
0.005 15k 8
i i N
I
1 ) \‘
1 %
i . s
-0.01 1 1 1 [ 1 L L~ 1
ADR 0 ] 25 05 1 15 2 25 3
K K

Sergio Pirozzoli Journal of Computational Physics (2006)
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" Weighted least-squares reconstruction
= Dispersion and dissipation analysis

= Optimal non-linear weights

® Extension to Euler equation

= Numerical tests

m Conclusions

7 ik x5

EULER EQUATION G/ NINGBO UNIVERSITY

= 1D-Euler equation

—+—=0— g—lt]+]g—z=0 —>LZ—Z+AL3—Z=O = coefficients to be determined

aD a?
conservative p pu @ l(é) Eé)
variables U=|P¥| F=|pu’+p Q=L-U a;y | =L-|a;;

puH 3 3
a0 @ a;
=12

E
g P 0 : l
B conservative variables Q at ox
™ ) S .
= A Sy a8y )2 —
wi(m) _ wi(m) n a,i(l,m)sxi + ai(Z,m) [((596,-)2 — 1] _/ =L _!{ul +:_a_l’_ 8x; +:_a_13:[(5x1) 12]}

m=1,2,3 U
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EU LER EQUATION 7 NINGBO UNIVERSITY

o9, =0Ql, , 0=012 = MA=V
it o it>
= block-tridiagonal system b, U,
_ — — _ L, D, U,
L;A;1+ D;A;+ U;A;1; = B; L. D. U.-L
— M= 3 3 Uzl
6 i=01..N -
A= (al, ar )" '
unknowns A;— (al,l’ al,z) Dy Uy

T
=T _ (1) _(2) (3)
= (“i,z (A A

- r=- -
Q a1 =1L a;

-

a,=L-a;,

explicit 3-order polynomial U;(x)

OUTLINE

= Weighted least-squares reconstruction
® Dispersion and dissipation analysis

= Optimal non-linear weights

= Extension to Euler equation

= Numerical tests

m Conclusions
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NUMERICAL RESULTS
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1 Order of the scheme

10‘2E
10'35
10%
- =
. [
80 F
I
10°
- —O— CWENO3
107 —{0O—— WENO3-Z
—<— WENO3-JS
—A— WENO5-JS
10°® —yp—— WCLS
! L L 1 [ BN RE NN FRET]
03)05 0.01 0.0150.02
X

NUMERICAL RESULTS

10"
102
10°
10"
S =
(<] -
=
0810' E
- =
10°F
E CWENO3
) —0— WENO3-Z
107 —<— WENO3-JS
F —A— WENO5-JS
— —— WCLS
F ! ! ! 1 R B RN FRRT]
02&)5 0.01 0.0150.02
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— Exact
e CWENO3
i ———— WENO03-Z |
e — — — . WENO3-JS |
2 " ———. WENO5JS 08} 3 \
- ——— wcLs I
095 i
GSTE ‘ o8-
7] - [}
5 oof 5 |
T k-]
i 04}
N=400,,L=2  osf A
CFL=0.5,t=2 o M 02
06 ‘e"'; ?‘1|2H 07
I.C. : LI :
%(G(x,ﬂ,z—é) +Gx,B,z+68)+4G (x,B,2)) if —0.8 <x< —0.6,
1 if —04<x<-0.2,
Upg(x)=41—]10(x—0.1)] if0.0<x<0.2,
%(F(x,ﬁ,a—&)—l—F(x,ﬁ,a—i—S) +4F (x,B8,a)) if0.4<x<0.6,
0 otherwise,
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NUMERICAL RESULTS XEE/ NinGRO UNIVERSITY

— exact

— exact

= P —— CWENO3

— — — — WENO3-JS - =nSA=n=s WENO3-IS
T T WENO3Z  osl — WENO3-Z
—— WEKDELS I — — — — WENOS5-JS

Sod

WCLS

WCLS

Qo.e;

0l

N=200, L=1 I

CFL=0.5,t=0.25 N
LC. — x‘ T e x o T

s i T = (1,0,1) for0<x=<0.5
po-10-P0) =1 0125,0,0.1) otherwise

Tk x5

NUMERICAL RESULTS X NINGBO UNIVERSITY

——— Exact 14~
e CWENO3 -
————— WENO3-Z B
ey ke WENO3-JS -
e — — —— WENO5-JS 12k
5 - WCLS L F
LaX 131 i Exact
L ———— CWENO3
§. > ——— WENO3-Z
- = [ == WENO3-JS
g 5 = == = — WENO5-JS
° / o 68 B WCLS
I 8
', [
N=200,L=1 [ | [If} osf
CFL=0.5,t=0.1 'l i L
. Hllxllw\047“‘|\,,,|,,.|,,|,.,|
| C 0.66 0.72 0.74 0 0.2 0.4 . 0.6 0.8 1
| (0.445,0.698,3.528) for0<x<0.5
(oo, o, Po) = { (0.5,0,0.571) otherwise Wzasty
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Shu-Osher 4'5;

2 z
5 g Ref
| M —
' : Ref 2_ ——————— WENO3-JS
N=200, L=10 [ ——owea T e
CFL=0.5,t=1.8 s}  — o Weows 3
i ——— WCLS -
L ! . . 1 . . . 1 . . . 17. M BT T R yﬂ>\/(\\/
2 4 6 2 4 6 8
I.C. X X
(. T el (3.857143,2.629369, 10.33333) forO<x <1
P0-10- PO)=1 (1 4 0.25in(5%), 0, 1) for x > 1

NUMERICAL RESULTS Q) T,

.. | ——— Ref -
. ———— CWENO3 6
- ——— WENO3-Z -
F i WENO3-JS -
Two 6 ———- WENO5-JS sk
. ——— woeLs - gef o5
: ; - ——— CWEN
4 = WENO3-JS
bIast 2 > [  ———- WENO5-S
5 S ® |  ——— weLs
waves 3 8 3
= 2 ;
4 B
N=400, L=| [ s
CFL=1,t=0.038 [ L
NN Eraran | BT | IR BTSS! | TR | T I T ST | | I TR I S )
055 06 065 07 075 08 085 09 0 0.2 0.4 0.6 0.8
I.C. x X

(1,0,1000) for0<x<0.1
(p,u,p)=14 (1,0,0.01) for0.1<x<0.9
(1,0,100) otherwise
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oo 1.002 -

Propagation 10015 - ﬂ n

of 1.001 ﬁ [\
Broadband 10005 l ﬁ
sound N=128, L=1, k=12 o 'INL M v
waves CFL=0.2, e 0.9995 J J

0.999

M&®=m<PH%§&®W%m@M&+w»)
=1

p(x,0) = po(p(x,0)/py)"",
u(x, 0) = U + 27 (c(x,0)/co), A
4 0.6 0.8 1

k\* 5 I.C. . .
£ = (L) e x

0.9985 |-

CWENO3 U
WENO3-Z

WENO3-JS

WENO5-JS

0.998 |- wes
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