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“Zeroth law” of turbulence eisen (1995

Normalised energy dissipation rate

Small scale
— 3.0
€
Oe = €L’/Ua
U3/L
Large scale 20
» C. — const. as Re,
20 K(x,t 10
Rey(z,t) = 20 K@)
3 /ve(x,t)

» Related to LES modelling
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“Zeroth law” of turbulence risen (1995

Relation with Kolmogorov’s 1941 theory

Integrating the K41 energy spectrum
E(k) = Cge3k=5/3
from L™! — oo gives

—1 L1

K = §CK62/3L3/2.
2

Here, U = /2K /3 leads to the dissipation law

3

€= CEUT where C. = (Cx)~%2.
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/ Ey(k)dk = / Cre3E=53 dk
L
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“Zeroth law” of turbulence eisen (1995
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These scaling laws hold in statistical sense.

Goto (2018)
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What happens with spatio-temporal fluctuations? * " '
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C.(x)—Re)(x) scaling with spatial fluctuations

" C, =608 x Re/, 14
= C. =724 x R/ 14

SFV20 (G/H = 3.5, Re = 12 000)
SFV20 (G/H = 3.5, Re = 15 000)
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In the wake of cylinders, Chen et al. (2021) observed C.(x) oc Rey (x)~%/2.
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C.(t)—Rey(t) scaling with temporal fluctuations
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Goto and Vassilicos (2015)

Re),

Bos and Rubinstein (2017)

2 ‘
R g — = - DNS
SN, . Exp.
x \xNx\
'L\)w ] “\x %
o S
Rx_15/14
0.5 ‘
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R;/R;.

» With steady-forcing DNS in a periodic box, Goto and Vassilicos (2015)

reported C.(t) oc Rex(t) 1.

» Bos and Rubinstein (2017) refined the scaling to C.(t) oc Rey (t)~17/14,
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Fluctuating C.—Re) scaling

Spatial fluctuations
— Nicely collapsed data

Chen et al. (2021)
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Temporal fluctuations
— Not perfect collapse

Goto and Vassilicos (2015)
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How can we understand these C.(x,t)—Re\(x, t) scaling laws?
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“Equilibrium” and “nonequilibrium” scaling

t

% e(t)o<U(t)3/L(tH)k Ik, t) ~ e (k,t)
Local equilibrium hypothesis 5 = L
» Instantaneous balance between i j
flux and dissipation of energy \
II(k,t) = € (k, t).
» Valid in “equilibrium” small scales
log k
“Nonequilibrium” large scales
» The hypothesis does not hold in > How does E, (k, z, t) scale?
“nonequilibrium” large scales where Y
B - » How does F;(k, x,t) affect
(k,@,t) = Eo(k) + Er(k, 2, ). Ce.(x,t)-Rey(x, t) scaling?
oxk—5/3 oxk?
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Nonequilibrium scaling of inhomogeneous turbulence

» Assume inhomogeneous mean flow U(z)
» Energy equation in (k, z) space:
DE(k, z)

Dy = P(k,z) —2vk*E(k, 2)

—— N———
Production Dissipation

+ T(k,z) + D(k,z)

A\ 4 A\ >4

TV TV
Transfer Diffusion

» Assume statistical steady state
& inertial range k; < k < k,

— T(k,z) = D(k,z)

—— N———
Transfer in scale Diffusion in space
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Inertial-range balance with fluxes

0 0

— —1II = —o
STk, 2) = <k 2)

T(?cfz) Da:,z) —
. =
» Flux in scale Leith (1967) &
o0
Ok2E(k,z) <

I1(% = —p(k ’

» Flux in space Besnard et al. (1996)
OE(k, z)

CID(k,z) = —u(2) B
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Modelling and perturbation analysis o' Equilbrium; 1, Noneguilirium

» With turbulent diffusivity in scale p(k, z) and space u(z),
-2
. ng S5 With (k) ~ KRB, )2,

O(k,z) = —u(z)% with 1(z) ~ LY3e(2)'3,

» Perturbation analysis: £ = E, + E; where |E;| < |Ey| leads to:
626/822 L4/3 —7/3
e(z)1/3 '

I(k,z) =—p(k,z)

El(k,', Z) ~ —

Large-scale inhomogeneous mean flow induces E; (k, z) oc k~7/3.
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Numerical simulation of inhomogeneous turbulence

> du+ (u-V)u=—-Vp+vViu+ sin(z)e, — sinusoidal z-profile.

» Inhomogeneous energy spectrum: E(k_,z) where k; = /kZ + k2.

Velocity snapshot
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» Nonequilibrium E;(ky, z) oc k| /* scaling is numerically confirmed.

» Large-scale inhomogeneity — rapidly decaying nonequilibrium scaling.

Ryo Araki and Wouter J. T. Bos (2024). Inertial range scaling of inhomogeneous turbulence. Journal of Fluid

Mechanics 97§ A9
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Inhomogeneous C.(z)—Re,(z) scaling

€(2)L 20 K(z)
C. = and R = —
ANTEE 20 =3 r
with
0 4/3 —~1/37.-7/3
El(k,Z) ~ —@L E(Z) k

> K(2) = /L OO dk [Eo(k, 2) + Ei(k, 2)]

> Approx. €(z) = (e) [1 + . sin (qz)}

» Employ L = k;*
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Inhomogeneous C.(z)—Re)(z) scaling

K €(z
Ce) = U(z)ky
Realz) = ? Kyz,)z)
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€(z) = (e) [1 + aesin(gz)] and X < L



Inhomogeneous C€<Z)—R€)\<Z) Scaling e(z) = (€) [1 + ae sin(gz)] and X o« L

3 1.2-
x 1— 5046(qX)2 sin (gz), .
Tyl
20 K(z) =
Rex(z) = — =
A( ) 3 \/T(z) §1.0-
< 1+ . [(qX)2 +1/6] sin (¢z). 0.
02 d? si .
By = .7:(—2) and #(x) = — sin (x) v 0'9 10 11
0z dz Rex(2)/ (Rey)

. : 3
Linear relation: C!’ (z) -5 Rey(2) + Rex(2)7/? chenetal. (2021).
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Unsteady scaling for E:(k, )

. . Horiuti and Tamaki (2013)
According to Yoshizawa (1994), (@) [T
103 s _105
_ 2/31.—5/3 =

Ek,t) = gKG(t) u y 10"+ 410

Eo(k,t) /:10-1 L 410
+ de/dt K773 S10°t H10'%
Be(t)2/? 2 5
g ~ _ 510'5— 410%™

El (k7t) 107 | n 10-5

E (k)
Large-scale unsteady flow induces 10°F ‘éi’;: 107
By (k, t) oc k=713, o™ U GLUURPI, |
k(M)
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Unsteady C.(t)—Re,(t) scaling

_€(t)L 20 K(t)
Ce(t) = HOE and Re,(t) = 0 70
with
Ei(k,t) ~ %e(t)”/%—”?’

dt

> K(t) = / Ak [Bo(k. ) + By (k. 1)

> Approx. e(t) = () [1 +asin (m)}
» Employ L = k;*
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Unsteady C.(t)—Re,(t) scaling
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e(t) = () [1 + aesin(wt)] and T o (L2/e)"/?
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U nSteady CC <t>—R€)\ <t) Scal i ng e(t) = (e) [1 + aesin(wt)] and T (L2/6)1/3

x1— §oz€w7' cos (wt),
20 K(t) L
3 Vre(t) !

x 1+ a [w’T cos (wt) + é sin (wt)} :

0.8r

o de dsin (z)
. El —f(a) and T — COS (x)

Elliptic relation between C. (¢) o 3 Rex(t) + Rey(t)™/2
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» Understand the nonequilibrium scaling of normalised dissipation rate
for inhomogeneous C.(x) and unsteady C.(t) flows.

» Method: Linear perturbation analysis of the nonequilibrium energy
spectrum E1(k, x,t).

. (R(‘)\>
194 NN — 69.6

0.0 10 11
Rex(2)/ (Rey)

(a) Eo(k,2) and E;(k, 2) (b) Linear scaling of C£7(z) (c) Elliptic scaling of C+7 (¢)
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