ICCFD12

Oral presentation | Higher order methods
Higher order methods-1V
Tue. Jul 16, 2024 4:30 PM - 6:30 PM Room C

[6-C-03] An unstructured high-order compact gas-kinetic scheme in
arbitrary Lagrangian-Eulerian formulation
*Yue ZHANG', Kun XU" (1. Department of Mathematics, Hong Kong University of Science and
Technology, Clear Water Bay, Kowloon, Hong Kong)
Keywords: arbitrary Lagrangian-Eulerian (ALE), geometric conservation law (GCL), compact gas-kinetic
scheme, multi-stage multi-derivative

©Retained by Authors



L

An unstructured high-order compact gas-kinetic scheme

in arbitrary Lagrangian-Eulerian formulation

Yue Zhang#, and Kun Xux

* Department of Mathematics, Hong Kong University of Science and Technology,

Clear Water Bay, Kowloon, Hong Kong

Outline L

1. Motivation

2. GKS in ALE Formulation
3. High order method
4. Numerical experiments

5. Conclusion

2024/6/30



Outline

1. Motivation

O Lagrangian method

Fluid P

particle -

The observer follows a fluid particle/parcel
to observe changes in its properties.

Motivation/Lagrangian and Eulerian Discerption

O Eulerian method

Pitot tube

ﬂ

The fluid is observed through a
fixed point or control volume.

Fluid

L
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Motivation/Arbitrary Lagrangian-Eulerian L
Y Y
{1
| i Eulerian mesh
‘ X - X
Y Y
Lagrangian mesh
X X
Y Y
: ALE mesh
X X
Initial state Deformed configuration 5

Motivation/Application of Arbitrary Lagrangian-Eulerian L

O Multiphase flow

Lagrangian Phase Remesh/Remap Phase

O Fluid-structure interaction O Blast

2024/6/30



Outline L

2. GKS in ALE Formulation

GKS in ALE Formulation/Govern Eqn and GCL L

O Governing equation on moving mesh
d _
- jQideQ + jml_ (F(W)—WU)-ndS=0

If U=V, the governing equation becomes Lagrangrian form;

If U=0, the governing equation becomes Eulerian form;

O Geometrical Conservation Law (GCL)

Sepa =8

a APPAB S im

1, 1
S prin =5 | PP 1 U, +U,)At =] ab | (U, +U,)Ax

where U, and U, are the velocity of point a
and b along the normal direction of line ab
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GKS in ALE Formulation/Finite Volume Discretion L

O Finite volume method O Coordinates translation
d ,
— wdQ F —WU) - ndS =0
de Ja0 * ;Lm( W) )-n , 2 (0,1

f\ / \ I
ININN LN L
e (0,0) (1,0)
/= X(&,m) =X, + &(x, —Xy) +7(x, = X),
{ / Ox _Ox
i / / n:x{xxv”:%x%
: ‘ x=x"+Ut

OFlux calculation
L (F(W)—~WU)-ndS ~ £, (W,Q)+V, (1)

3
£,(W.0)=>o[FW,)-W, U, | &xx) .
k=1

3
v, ()= ;a)kwp(_,{upp,( LU xx) +1(x% x U) + £ (U, U?”)]pl . o

GKS in ALE Formulation/BGK eqn in ALE Formulation L

O BGK equation on moving reference
0 —
g +w-V = g/

where w=v-U. ot v

O Flux with considering mesh moving
F(W)=(F(W)-WU)- (xiE X xf)n) = jf(X,t,W,f)W nVdvd=
where ‘I’:(l)"l,‘/z,vy%(vf-%-vzz+v32+§2))7
F(W) = [ f(x.L,w.&)w - n¥ dvdz,
WHETE ' — (1w, 0 0 0 46
Fp = Fp' ’
F, =F, +UF,
Fsz = ]prz + Usz
]FPV3 = prz + U3Fp

, , , , 1 ,
F,=F,,+UF, +UF, +UF, +E(U12 +U; +U32)IFP 10
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GKS in ALE Formulation/2nd-order Gas-Kinetic Flux L

O Analytical solution of BC1§K equation
P —(-Yr g,
f(x,t,w,&) :;.[Og(x L, w,Ee e + e (x,, W)
O The initial distribution function
gl[l—(a[ -W)t—T(Al +a’ -W):|, x, <0,
fo= o
g’[l—(a’ -w)t—z'(A’ +a’ -W):|, x>0,
O The equilibrium distribution function
g(X,1,W,&) =Z(x,0,w, &) {I-a-w(t 1)+ At |,
with denoting
a=(a,,a,,a,)=V g/ g,A=g,/g.
O Time-accurate conservative value at cell interface
W, ("= j Wf(x, " W.E)dwdE

According to Gauss’s theorem, the cell averages of space partial derivatives

can be obtained. ”

GKS in ALE Formulation/Mesh moving method L

O Radial Basic Function (RBF) Method
First we know the positionX; and velocityv; of boundary points,
Define an interpolation function
J(x)= Z/Ll//(\ x=x; [/R),y (&) =(1-&)" (1+45).
By solving equation ‘
Sx)=v,,
we can get 4 . Then we can obtain the velocity of inner points.

O Lagrangian Velocity Method
Up = M: ZCEC(/)) Z/’er(t')[SfchC/' + Mpf/'vc]’M/) = Z&C(l)) Z/'EFN‘) Mf”‘?f
M, =5S,p.a.(N; @N)),

C(p) is the set of cells ¢ that share the common vertex P

F,(c) is the set of faces of cell ¢ that share the common vertex p
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3. High order method

High order method/Two-stage temporal discretization L

O The two-stage fourth-order (S204) temporal discretization

. 0,1 v o). a2 0 . 280
QW) =(@QW)" + S ML(W!.Q )+ SAF Z L(W). )+ [ v,
n+ " e Y 1 0 noyn 0 P f
QW) =(@QW)" +AL(W,Q )+gmz(ac(w‘ ,Q )+255(w ,Q ))+j: V(0)dt,

With a uniform flow field, the time evolution becomes

. R 1 Nt 3
Q) =(Q,) +EAtZZw,(Up”,t~(xf’§><x_°n)p/

pi=l k=1

1,8 | 1 |
HAEY 0 U, [t ) |
P

p=l k=1

N3
@) =@Q) +AY > o U, (X xx)),

p=l k=1

Nt 3
APy Y wu,, ~[%(U_°§ xx")+ %(xg xU%)+ %At(U_"g x Uf’,])}

el k1 P

which automatically satisfies the Geometrical Conservation Law (GCL).
O The two-step evolution of gas distribution function
e,

frH] :fn +A{/["‘ 14
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High order method/Third-order compact reconstruction L

O 3rd-order compact reconstruction for large stencil
The cell averages over both self cell and neighbor cells need to be exactly satisfied
(Mo, 7"V =019 L[[f, P*dr=0,12, 1.

The slop of neighbor cells need to be satisfied in a least-square sense

mﬂ 0—,; AV =a, ) |Q, ,i=1,2,3
O Green-Gauss reconstruction for the sub stencil 2
P =Q+wﬂ 1 x ZQ’” +Q°Smnm §
O Nonlinear process 3 1
p=Ltp liyp_p WENO

noon —) R(X)=,P, + /.

P =rR+7B.(=7,=0.5)
O Gradient compression Factor

n M,

=TT =T~

p=1 k=0 p=1 k=0

A:L,pl-*—w-*—(Maf,—Ma:)z+(Ma[—Maf)z 15
P P

Outline L

4. Numerical experiments
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Numerical experiments/Accuracy test

O Time-accuracy solution

p(x,y,z)=1+0.2sin(27x, )sin(27y,)sin(27z,),
px,y,2) =LV, =V, =V, =1,

where
(x,,3,2,) =(x3.2) - (1,1,

O Mesh moving function

Type 1
x =x,+0.1sin(27t)sin(27x,)sin(27y,)sin(27 z,)
y =Y, +0.1sin(27t)sin(2zx, )sin(27 y, )sin(27 z,))
z =z, +0.1sin(27t)sin(27x,)sin(27y,)sin(27 z,)
Type 2

x =x, +0.05sin(27t)(sin(27x, ) + sin(27x, ) sin(2zy, )sin(27z,))
¥ =Y, +0.05sin(27t)(sin(27y,) +sin(27x, )sin(2ry, ) sin(27z,))
z =2z, +0.05sin(27t)(sin(27z,) + sin(27x, ) sin(27y, )sin(27z,))

Numerical experiments/Accuracy test L
L, error Order L, error Order L, error Order
Stationary
1073 1.39E-02 1.81E-02 5.16E-02
20”3 2.07E-03 2.75 2.79E-03 2.70 7.92E-03 2.70
4073 2.68E-04 2.95 3.61E-04 2.95 1.05E-03 2.92
80”3 3.27E-05 3.03 4.55E-05 2.99 1.33E-04 2.98
Type 1
103 1.53E-02 1.98E-02 5.66E-02
20”3 3.19E-03 2.27 3.79E-03 2.38 9.78E-03 2.53
403 4.79E-04 2.73 5.56E-04 2.77 1.31E-03 2.90
80”3 6.25E-05 2.94 7.22E-05 2.94 1.66E-04 2.98
Type 2
103 1.37E-02 1.80E-02 5.15E-02
20”3 2.05E-03 2.75 2.77E-03 2.70 8.01E-03 2.68
403 2.64E-04 2.96 3.59E-04 2.95 1.06E-03 2.92
80”3 3.32E-05 2.99 4.52E-05 2.99 1.34E-04 2.99 18
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O Geometrical Conservation Law (GCL)

p(x,y,2)=1,

pxy,2) =LV =V, =V =1,

Numerical experiments/Geometrical Conservation LawL

L, error L, error L, error

Type 1

103 1.44E-15 1.90E-15 8.22E-15

20”3 2.78E-15 3.69E-15 2.02E-14

4013 5.91E-15 8.05E-15 5.73E-14

80”3 1.18E-14 1.63E-14 1.33E-13
Type 2

103 1.65E-15 2.16E-15 8.22E-15

20”3 3.46E-15 4.60E-15 2.41E-14

4013 7.18E-15 9.71E-15 5.90E-14

80”3 1.41E-14 1.96E-14 1.70E-13

Translation

Rotation

0.04

. X-Force

&

O Composite of four motions

Const-volume deformation

Non-unit geometry mapping Jacobian

Numerical experiments/Flow in a cylinder
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Numerical experiments/Heaving-pitching airfoil

O Flow condition
Ma =0.2,Re =1000,Pr =0.72

p, =1.0,T, =25U, =1

O Meshes

Mesh 1 Mesh 2 Mesh 3

21

Numerical experiments/Heaving-pitching airfoil

O Translation

AR =£8-31)/16 | H

oL

10

o

Motion of boundary is determined; ﬂ-;g
e 40

-50

Motion of inner nodes is obtained by
radial basic function method

<
Uz Mesh1 R¥av, Tavy|
777777 VAV A
i POy i
4 aAVAY:; ) G :15‘4‘7%‘7

uTAY) ‘%E‘

AN/

KA

Power

time
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O Translation + rotation

Ah()=£(8-31)/16

A1) = 2i(‘%g(—t6 +61° —12¢* +8).

Motion of boundary is determined,;

Motion of inner nodes is obtained by
radial basic function method

Y-Force

Numerical experiments/Heaving-pitching airfoil L

A

hvg
WARSOER

g;;veuvﬁ'g‘:

‘ : tir;\e ' 2 A o lir;'le 23
Numerical experiments/2D Noh Problem L
O Initial condition
p=1
e:L:1x10’4,7:5/3
7—1
V=(x/r—y/r)
O Boundary condition
Symmetric boundary condition for
x=0andy=0
Non-reflective boundary condition 16
for ret
other boundaries 2 ALE result
O Exact solution 5
s
16, r<0.2
p= , whent=0.6 4
1+t/r, r>02
0.2 0.4 0.6
O Lagrangian velocity method are used r 24
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Outline L

5. Conclusion

27

Conclusion L

O A third-order compact gas-kinetic scheme is developed in ALE

formulation for three-dimensional unstructured mesh.

O With the help of radial basic function interpolation, the method can

handle moving boundary problems.
O For blast problems with strong discontinuities, the scheme retains

robustness, and the Lagrangian nodal solver is adapted to track

material interfaces.
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Thanks for your attention!
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