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Challenges of m
ultiphase fluid-structure interaction (FSI) sim

ulations 
w

ith the arbitrary Lagrangian-Eulerian (A
LE) m

ethod
•

Large fluid density ratio (usually 
ଷ)

•
Severe deform

ation and distortion of the unstructured grid

•
Strong nonlinearity during the fluid-structure coupling

Background

(a) Film
ing of ship navigation

(b) Polyhedral unstructured grids for 
ship m

odeling
(c) Sim

ulation of w
edge free falling
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Exam
ple: Stationary w

ater tank (only gravity)
•

D
ensity ratio 

ୌ
୐

ଷ

•
N

on-orthogonal unstructured grid in the entire dom
ain 

Background

(a) Sketch
(c) Sim

ulation by unbalanced algorithm
 

(b) N
on-orthogonal grid 

Spurious currents
generated by unbalanced algorithm

:

U
nphysical
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Balanced-force algorithm
•

D
evise a specific discretization to enforce the exact balance betw

een pressure gradient 
and external forces

•
Francois

et al. (J. Com
put. Phy. 213 (2006) 141-173) proposed a balanced-force

algorithm
on 

structured
grids

Background

Achieve force balance by identical discretization 
of gradient operators at the sam

e location ？
Structured grid


U

nstructured grid 
？
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D
efect of conventional balanced-force algorithm

 (J. Com
put. Phy. 213 

(2006) 141-173) 
•

can N
O

T
achieve force balance on non-orthogonal grids and generate severe spurious 

currents
•

Spurious velocity escalates
w

ith larger non-orthogonality angle
and higher fluid density 

ratio

Background

(b) Velocity vs m
esh angle (𝜌

ୌ
𝜌

୐
⁄

=
1

0
0

0
)

(c) Velocity vs density ratio (𝛼
=

2
6

.6
∘)

(a) Spurious currents generated by 
conventional m

odel
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O
bjective: Balanced-force algorithm

 for fluid-structure interaction (FSI)
•

Propose a generic balanced-force (G
BF) algorithm

 for m
ultiphase flow

s on unstructured grids

•
Em

ploy the G
BF algorithm

 for m
ultiphase FSI problem

s to enhance the stability and accuracy 
of sim

ulations

Background

(b) W
ave induced m

otion of a 3d floating box
(a) W

edge falling
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G
overning

equations in the A
LE description

N
um

erical m
ethods

w
here 𝜙

(𝐱, 𝑡) represents the volum
e fraction separating tw

o im
m

iscible fluids, 𝐮
=

(𝑢
,𝑣

,𝑤
) is the velocity 

field, 𝑝
the dynam

ic pressure, 𝜌
the fluid density and 𝜇

the fluid dynam
ic viscosity. 𝐠

is the gravitational 
acceleration, 𝜎

the surface tension coefficient and 𝜅
the curvature of fluid interface. 𝐮

୥
is the grid velocity.

𝜙
(𝐱

,𝑡)
=

൝

1
,

H
eav

y flu
id

0
,

L
ig

h
t flu

id
0

<
𝜙

<
1

.  F
lu

id
 in

terface
 

The m
aterial properties of fluids：

ୌ
୐

ୌ
୐

w
here subscripts H

 and L represent heavy 
and light fluid respectively.

୥

୥
ୌ

୐
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N
um

erical m
ethods

Solution procedure
(1)   Calculate the dynam

ics and displacem
ent of m

oving body w
ith 6 DO

F m
otion equations. U

pdate the grid to tim
e 

step 𝑛
+

1
 and calculate the grid velocity 𝐮

୥ ௡
ା

ଵ. 

 
𝜕

𝜙𝜕
𝑡

=
−

∇
⋅

𝜙
𝐮

−
𝐮

୥ ௡
ା

ଵ
+

𝜙
∇

⋅𝐮
,

 
𝜕

𝜌
𝐮

𝜕
𝑡

=
−

∇
⋅

𝜌
𝐮

⊗
𝐮

−
𝐮

୥ ௡
ା

ଵ
+

∇
⋅

𝜇
∇

𝐮
+

∇
𝐮

⋅
∇

𝜇
,

(2)   Solve the advection equation of m
ass and convection equation of m

om
entum

 sim
ultaneously:

to obtain 𝜙
௡

ା
ଵ

and 𝐮
∗, and update 𝜌

௡
ା

ଵ an
d

 𝜇
௡

ା
ଵ

w
ith 𝜙

௡
ା

ଵ.  

(3)
Solve the follow

ing pressure Poisson equation for pressure field 𝑝
௡

ା
ଵ:

w
here the gravity and surface tension forces are incorporated to derive a balanced-force form

ulation.

(4)   Correct the interm
ediate velocity 𝐮

∗
to 𝐮

௡
ା

ଵ
by the projection step.

The updated velocity field 𝐮
௡

ା
ଵ

should satisfy the divergence-free condition.  

∇
⋅

1𝜌
∇

𝑝
௡

ା
ଵ

=
∇

⋅
𝐮

∗

Δ
𝑡

−
∇

⋅
𝐠

⋅
𝐱

𝜌
𝜌

ୌ
−

𝜌
୐

∇
𝜙

௡
ା

ଵ

ୋ
୰ୟ

୴
୧୲୷

 ୤୭
୰ୡ

ୣ

+
∇

⋅
𝜎

𝜅𝜌
∇

𝜙
௡

ା
ଵ

ୗ
୳

୰୤ୟ
ୡ

ୣ
 ୲ୣ

୬
ୱ୧୭

୬
 ୤୭

୰ୡ
ୣ

,
Balanced-force algorithm

𝐮
௡

ା
ଵ

−
𝐮

∗

Δ
𝑡

=
−

𝐠
⋅

𝐱

𝜌
𝜌

ୌ
−

𝜌
୐

∇
𝜙

௡
ା

ଵ
+

𝜎
𝜅𝜌

∇
𝜙

௡
ା

ଵ
−

1𝜌
∇

𝑝
௡

ା
ଵ.
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Pressure equation actually solved in the 
num

erical m
ethods

•
For stationary flow

s, 
: 

•
D

iscrete pressure Poisson equation w
ith FVM

: 

෍
Δ

𝑡
𝚪

௜௝

𝜌
௜௝

∇
𝑝

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

=
෍

Δ
𝑡

𝚪
௜௝

𝜌
௜௝

−
(𝐠

⋅
𝐱

୧୨ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

∇
𝜙

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

.

௃

௝ୀ
ଵ

௃

௝
ୀ

ଵ

Pressure equation required by a balanced-force algorithm

N
um

erical m
ethods

෍
Δ

𝑡
𝚪

௜௝

𝜌
௜௝

∇
𝑝

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

=
෍

𝚪
௜௝

𝐮 ഥ
௜௝ ∗

⋅
𝐧

௜௝
+

Δ
𝑡

𝚪
௜௝

𝜌
௜௝

−
(𝐠

⋅
𝐱

௜௝ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

∇
𝜙

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

௃

௝ୀ
ଵ

௃

௝
ୀ

ଵ

.

௜௝
௜௝

ୌ
୐

௜௝
௜௝

M
erely solve Eq. (1) for 𝑝

௡
ା

ଵ
but m

eet 

Eq. (1) and (2) sim
ultaneously

N
otall num

erical schem
e can 

achieve force balance

N
ecessary 

but 
insufficient

condition

(1)

(2)
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∑
௝

ୀ
ଵ

௃
 𝛼

௜௝
𝑝

௝ ௠
ା

ଵ
−

𝑝
௜ ௠

ା
ଵ

୍୫
୮

୪୧ୡ
୧୲ ୡ

ୣ
୬

୲୰ୟ
୪ ୢ

୧୤୤ୣ
୰ୣ

୬
ୡ

ୣ
 ୲ୣ

୰୫

=
∑

௝
ୀ

ଵ
௃

 
−

(𝐠
⋅

𝐱
௜௝ )

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
𝛼

௜௝
𝜙

௝ ୬
ା

ଵ
−

𝜙
௜ ୬

ା
ଵ

+
∑

௝
ୀ

ଵ
௃

 𝜷
௜௝

⋅ 
−

(𝐠
⋅

𝐱
௜௝ )

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
∇

𝜙
௜௝ ௡

ା
ଵ

−
∑

௝
ୀ

ଵ
௃

 𝜷
௜௝

⋅
∇

𝑝
௜௝ ௠

୉
୶

୮
୪୧ୡ

୧୲ ୬
୭

୬
ି

୭
୰୲୦

୭
୥

୭
୬

ୟ
୪ ୡ

୭
୰୰ୣ

ୡ
୲୧୭

୬
 ୲ୣ

୰୫
 +

∑
௝

ୀ
ଵ

௃
 Γ

௜௝
𝐮 ഥ

௜௝ ∗
⋅

𝐧
௜௝

D
iscrete pressure Poisson equation w

ith FVM

Conventionalbalanced-force form
ulation

N
um

erical m
ethods

Face gradient schem
e

𝛼
௜௝

𝜷
௜௝

Edge-norm
al schem

e
Δ

𝑡
𝚪

௜௝

𝜌
௜௝

𝐫
௜௝

𝐧
௜௝

⋅
𝐞

௜௝

Δ
𝑡

𝚪
௜௝

𝜌
௜௝

𝐧
௜௝

⋅
𝐞

௜௝ ୄ
𝐞

௜௝ ୄ

Face-tangent schem
e

Δ
𝑡

𝚪
௜௝

𝜌
௜௝

𝐫
௜௝

1

(𝐧
௜௝ ⋅

𝐞
௜௝ )

−
Δ

𝑡
𝚪

௜௝

𝜌
௜௝

(𝐭
௜௝ ⋅

𝐞
௜௝ )

(𝐧
௜௝ ⋅𝐞

௜௝ )
𝐭

௜௝

w
here the averaged face gradients ∇

𝜑
௜௝

=
linear interpolation

∇
𝜑

௜
 (𝜑

∈
(𝜙

,𝑝
))，

an
d

 ∇
𝜑

௜ can be calculated w
ith G

auss’s 
theorem

 or the least square m
ethod.

(a) 2D

(b) 3D

෍
Δ

𝑡
𝚪

௜௝

𝜌
௜௝

∇
𝑝

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

=
෍

𝚪
௜௝

𝐮 ഥ
௜௝ ∗

⋅
𝐧

௜௝
+

Δ
𝑡

𝚪
௜௝

𝜌
௜௝

−
(𝐠

⋅
𝐱

௜௝ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

∇
𝜙

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝

௃

௝
ୀ

ଵ

௃

௝
ୀ

ଵ

.

Calculate ∇
𝜑

௜௝ ௡
ା

ଵ
⋅

𝐧
௜௝  𝜑

∈
(𝑝

,𝜙
)

w
ith the sam

e
face gradient schem

e
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Present balanced-force form
ulation

•
Calculate ∇

𝑝̂
௜ ௠

w
ith the Eq. (6)，

and linear interpolate to ∇
𝑝̂

௜௝ ௠

N
um

erical m
ethods

=
−

(𝐠
⋅

𝐱
௜௝ )

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
∇

𝜙
௜௝

+
∇

𝑝̂
௜௝

 
∇

𝑝
௜௝

=
−

(𝐠
⋅

𝐱
௜௝ )

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
∇

𝜙
௜௝

+
−

−
(𝐠

⋅
𝐱

௜௝ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

⋅
∇

𝜙
௜௝

+
∇

𝑝
௜௝

 
 

∇
𝑝

௜௝ ௠
=

−
(𝐠

⋅
𝐱

௜௝ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

∇
𝜙

௜௝ ௡
ା

ଵ
+

∇
𝑝̂

௜௝ ௠

∇
𝑝̂

௜ ௠
=

 ෍
𝚪

௜௝
⊗

𝐧
௜௝

௃

௝ୀ
ଵ

ି
ଵ

⋅
෍

∇
𝑝

௜௝ ௠
⋅

𝐧
௜௝

−
−

(𝐠
⋅

𝐱
௜௝ )

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
∇

𝜙
௜௝ ௡

ା
ଵ

⋅
𝐧

௜௝
𝚪

௜௝

௃

௝
ୀ

ଵ

(6)

Express the averaged face gradient of pressure ∇
𝑝

௜௝
into the sum

 of external forces and a novel pressure 
correction term

 ∇
𝑝̂:

•
Present sem

i-im
plicit pressure Poisson equation:

∑
௝ୀ

ଵ
௃

 𝛼
௜௝

𝑝
௝ ௠

ା
ଵ

−
𝑝

௜ ௠
ା

ଵ

୍୫
୮

୪୧ୡ
୧୲ ୡ

ୣ
୬

୲୰ୟ
୪ ୢ

୧୤୤ୣ
୰ୣ

୬
ୡ

ୣ
 ୲ୣ

୰୫

=
∑

௝ୀ
ଵ

௃
 

−
(𝐠

⋅
𝐱

௜௝ )
𝜌

ୌ
−

𝜌
୐

+
𝜎

𝜅
௜௝

𝛼
௜௝

𝜙
௝ ୬

ା
ଵ

−
𝜙

௜ ୬
ା

ଵ

−
∑

௝ୀ
ଵ

௃
 𝜷

௜௝
⋅

∇
𝑝̂

௜௝ ௠

୉
୶

୮
୪୧ୡ

୧୲ ୬
୭

୬
ି

୭
୰୲୦

୭
୥

୭
୬

ୟ
 ୡ

୭
୰୰ୣ

ୡ
୲୧୭

୬
 ୲ୣ

୰୫
 +

∑
௝ୀ

ଵ
௃

 Γ
௜௝

𝐮 ഥ
௜௝ ∗

⋅
𝐧

௜௝
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Pressure Poisson equation
N

um
erical m

ethods

+
∑

௝ୀ
ଵ

௃
  Δ

𝑡
Γ

௜௝

𝜌
௜௝

−
𝐠

⋅
𝐱

𝜌
ୌ

−
𝜌

୐
+

𝜎
𝜅

௜௝
∇

𝜙
௜௝ ௡

ା
ଵ

⋅
𝐧

௜௝

∑
௝ୀ

ଵ
௃

 𝛼
௜௝

𝑝
௝ ௠

ା
ଵ

−
𝑝

௜ ௠
ା

ଵ

୔
୰ୣ

ୱୱ୳
୰ୣ

 ୡ
ୣ

୬
୲୰ୟ

୪ ୢ
୧୤୤ୣ

୰ୣ
୬

ୡ
ୣ

 ୲ୣ
୰୫

=
∑

௝ୀ
ଵ

௃
 Γ

௜௝
𝐮 ഥ

௜௝ ∗
⋅

𝐧
௜௝

−
∑

𝒋ୀ
𝟏

𝑱
 𝜷

𝒊𝒋
⋅

𝜵
𝒑

𝒊𝒋 𝒎

𝐏
𝐫𝐞

𝐬𝐬𝐮
𝐫𝐞

 𝐧
𝐨

𝐧
ି

𝐨
𝐫𝐭𝐡

𝐨
𝐠

𝐨
𝐧

𝐚
𝐥 𝐭𝐞

𝐫𝐦
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N
um

erical m
ethods

N
um

erical schem
es

•
B

ased on finite volum
e m

ethod for polyhedral unstructured grids

•
Interface capturing schem

e: T
H

IN
C

/Q
Q

(T
he T

angent of H
yperbola for IN

terface
C

apturing 

m
ethod w

ith Q
uadratic surface representation and G

aussian Q
uadrature) 

•
V

elocity discretization
schem

e:F
V

M
S3

(T
he F

inite V
olum

e m
ethod based on M

erged S
tencil 

w
ith 3rd-order reconstruction)

•
M

L
P

(M
ulti-dim

ensional L
im

iting P
rocess)

and
B

V
D

(B
oundary V

ariation D
im

inishing)

•
G

eneric balanced-force algorithm

•
T

im
e schem

e: T
hird-order T

V
D

 R
unge–K

utta
schem

e

•
6D

oF body m
otions: N

ew
m

ark's m
ethod
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N
um

erical tests
3D

stationary
w

ater
tank

Theoreticalsolutions：
𝐮

=
𝟎

𝑝
=

ቊ
𝜌

୐
𝑔

1
−

𝑧
,

   𝑦
≥

0
.5

0
.5

𝜌
୐

+
𝜌

ୌ
1

−
𝑦

.𝑦
<

0
.5

The spurious velocity 
is restraind

to 1
0

ି
଼

w
here ×

denotes that the com
putation d

iverges
and com

p
els to term

in
ate halfw

ay.

P
resen

t
C

onventional

N
um

erical errors of velocity and pressure after 50 tim
e steps w

ith Δ
𝑡

=
1

0
ି

ସ. grid A
grid B

grid C
S

ketch

Equation:   ∇
𝑝

=
−

𝐠
⋅

𝐱
𝜌

ୌ
−

𝜌
୐

∇
𝜙

Com
putational dom

ain:   
0

,1
ଷ

Fluid density ratio:   𝜌
ୌ

𝜌
୐

⁄
=

𝟏
𝟎

𝟔

P
eriodic

L
ight fluid

H
eavy fluid

A
tm

osphereW
all

Anim
ation of 𝜌

ୌ
𝜌

୐
⁄

=
1

0
ଷ,C

F
L

=
0

.5

2
2

Suppress the spurious velocity due to 
unbalance betw

een pressure gradient and 
gravity force on unstructured grids
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N
um

erical tests
3D

static drop in equilibrium

Theoreticalsolutions：
𝐮

=
𝟎

Δ
𝑝

=
2

𝜎
𝑅

⁄
The spurious velocity 
is restraind

to 1
0

ି
ଵ

N
um

erical errors of velocity and pressure after 1 tim
e step w

ith Δ
𝑡

=
1

0
ି

ସ.

grid A
grid B

grid C

Equation:   ∇
𝑝

=
𝜎

𝜅
∇

𝜙

D
rop radius:   𝑅

=
2

Com
putational dom

ain:   
0

,8
ଷ

Fluid density ratio:   𝜌
ୌ

𝜌
୐

⁄
=

𝟏
𝟎

𝟔

Surface tension coefficients: 𝜎
=

7
3

P
resen

t
C

onventional

1
0

ି
଺

1
0

ି
଺

Suppress the spurious velocity due to 
unbalance betw

een pressure gradient and 
surface tension force on unstructured grids
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N
um

erical tests
2D

 w
ater entry of an inclined free-falling

P
resen

t
C

onventional

S
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V
ertical acceleration

A
ngular acceleration

P
resen

t at 𝑡
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0
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5
C

onventional at 𝑡
=

0
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×
denotes that the com

putation d
iverges

and com
p

els to term
in

ate halfw
ay

Restrain the instability and 
divergence induced by strong 

nonlinearity during FSI
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N
um

erical tests
3D

 floating box

P
resen

t
C

onventional
S

ketch at 𝑡
=

0

A
ngular acceleration in y-direction

T
he com

putations of conventional algorithm
 and interD
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F

oam
solver d

iverge an
d

 com
p

el to term
in

ate h
alfw

ay.

M
esh at position of equilibrium

V
elocity acceleration in x-direction

V
elocity acceleration in y-direction

interD
yM

F
oam

Suppress the spurious 
velocity due to m

esh 
m

ovem
ent and deform

ation
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N
um

erical tests
3D

 w
ave-induced m

otions of a floating body
•

Regular w
ave: 𝐻

=
0

.0
4

m
, 𝑇

=
1

.2
s

S
w

ay

H
eave
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oll

S
ketch at 𝑡

=
0

M
esh at 𝑡

=
0

O
bject m

otion in 2
𝑇

C
entroid trajectories in 1

𝑇

Provide m
ore accurate and 

robust predictions for 
m

ultiphase FSI 
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N
um

erical tests
Tw

o w
ave energy converters interaction w

ith regular w
aves

•
Regular w

ave: 
m

, 
s

•
𝐹

୔
୘

୓
=

−
𝜇

𝐹
ୗ

୮
୰୧୬

୥ sig
n

𝑤
𝑡

=
−

𝜇
(4

𝑘
ୗ

୮
୰୧୬

୥ d
𝑙)sign

𝑤
𝑡

•
𝐹

୆
ୣ

ୟ
୰୧୬

୥
=

−
𝜇

ab
s(𝐹

ୗ
୳

୰୥
ୣ (t))sign

𝑤
𝑡

•
𝐹

୐
୧୬

ୣ
ୟ

୰
=

−
𝑐

ୈ
ୟ

୫
୮

୧୬
୥ 𝑤

(𝑡)

S
ketch at 𝑡

=
0

M
esh at 𝑡

=
4

0
s

Provide m
ore accurate and robust 

predictions for practical applications

S
urface 

elevation

H
eave 

of W
E

C
4

E
xperim

ent from
 S

tratigakielal. 
(Energies. 2014; 7(2):701-734)
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Conclusion
A

 generic balanced-force algorithm
 for FSI problem

s

•
considerably suppresses the spurious velocity

due to the m
esh non-orthogonality 

for m
ultiphase flow

s in m
oving m

esh configurations

•
effectually restrains the instability and divergence

induced by large m
esh 

deform
ation and non-linearity during FSI sim

ulations

•
offers a prom

ising platform
 to provide m

ore accurate and robust predictions
for 

practical m
ultiphase flow

 sim
ulations involving strong fluid-structure interactions

https://doi.org/10.1016/j.jcp.2023.112010
http://dx.doi.org/10.2139/ssrn.4668121
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