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Abstract: A computational tool for simulating unsteady turbulent combustion using 

a compressible flamelet methodology is presented. The objective of this work was 

to develop a high-performance, high-fidelity simulation capability to enable 

accurate, fast and robust simulation of unsteady turbulent, reacting flows in rocket 

engines. The key features of this capability are: (a) compressible flamelet modeling 

framework for unsteady turbulent combustion and (b) LES and Hybrid RANS-LES 

(HRLES) methodologies incorporated in a proven existing solver called Loci-

STREAM. The standard flamelet methodology is extended to handle both ideal gases 

and real fluids. The thermodynamics for ideal-gas values is modeled by a linearized 

specific heat ratio model. Real fluid effects are modeled with the cubic Peng-

Robinson equation of state (PR EoS). The parameters needed for the PR EoS are pre-

tabulated for the evaluation of departure functions and a quadratic expression as a 

function of temperature is used to recover the attraction parameter away from the 

reference temperature. The Compressible Flamelet Progress Variable (CFPV) 

methodology developed in Loci-STREAM is able to account for pressure and 

temperature variations from the baseline table and is thermodynamically consistent 

in the entire flow path of a rocket engine (from oxidizer and fuel manifolds to the 

exit of the nozzle) and circumvents the need for ad hoc compressibility corrections 

of the standard Flamelet Progress Variable (FPV) model. These enhancements in 

Loci-STREAM have yielded higher fidelity and more reliable analytical/design 

capability relative to existing capability for turbulent reacting flows in rocket 

engines. 

 

Keywords: Compressible Flamelet Progress Variable model, Peng-Robinson 

Equation of State, All-Speed Solver 
 

1     Introduction 

 

The use of high-fidelity computational fluid dynamics (CFD) tools early in the product development 

cycle of rocket engines alleviates testing costs and allows the development of these devices better, faster 

and cheaper.  In the design of advanced propulsion systems, CFD plays a major role in defining the 

required performance over the entire flight regime, as well as in testing the sensitivity of the design to 

the different modes of operation. In the present work, a robust and computationally efficient unsteady 

turbulent compressible combustion modeling capability developed in a CFD solver called Loci-

STREAM [1] is presented.  

 

Flamelet-based approaches involving pre-tabulation have been successfully applied to a variety of 

combustion applications[2]-[3]. The original method employed look-up tables based on mixture 

fraction and its variance but is well known to be inadequate for simulating topologically complex 

flames. [4]-[6]. For example, mixture fraction alone is insufficient to model the full physical complexity 
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of lifted flames. It has been shown that the use of a progress variable in addition to the mixture fraction 

is required to capture the complex physics of these flames in a computationally tractable manner – the 

flamelet progress variable (FPV) approach has been shown to better capture the complex physics in 

detached flames [7]-[8]. A flamelet progress model (FPV) has previously been implemented in Loci-

STREAM [9]-[10] and has been used for a variety of rocket engine combustion simulations at NASA 

[11]-[14]. The original flamelet approach was developed in the context of gas-gas combustion for which 

assumptions of low-Mach number and ideal gas thermodynamics are valid. In the context of liquid 

rocket combustion, the FPV model has been successfully extended for supercritical simulations. 

However, the extension of the classical FPV model to trans- and supercritical flow simulations in the 

fully compressible context, specifically with regards to the pressure and temperature coupling, has not 

been widely reported. A relatively recent development in this regard is the compressible flamelet model 

proposed by Ma et al. [15] who developed such a model in the context of a fully explicit finite volume 

solver. The solution of the laminar flamelets in mixture fraction space and the chemistry tabulation 

requires special considerations in order to fully model the non-linear effects in transcritical flows. A 

similar approach is adopted here. Moreover, this approach is developed here as a fully compressible 

combustion model in the context of a fully implicit all-speed solver, i.e., Loci-STREAM.  

 

The fully compressible flamelet progress variable model (CFPV) presented here employs the classical 

flamelet methodology as the foundation and extends it to account for compressibility involving both 

ideal and real fluids. The ideal-gas thermodynamics is modeled by linearizing the specific heat ratio 

and the cubic Peng-Robison equation of state (PR EoS) is employed to account for real-fluid effects. 

The parameters needed for the PR EoS are pre-tabulated for the evaluation of departure functions and 

a quadratic expression (as a function of temperature) is used to model the attraction parameter. This 

compressible flamelet model is able to account for temperature and pressure variations from the baseline 

flamelet table in a computationally tractable manner. Unlike standard flamelet models, this 

compressible flamelet capability seamlessly handles all parts of the combustion domain, including the 

upstream fuel and oxidizer manifold sections, the combustion chamber and the highly compressible 

nozzle.  

 

2     Methodology 
 

2.1     The Programming Framework – Loci 
 

The framework used for the development of Loci-STREAM is called Loci [16] which is a programming 

environment designed to reduce the complexity of assembling large-scale finite-volume applications as 

well as the integration of multiple applications in a multidisciplinary environment. This allows: (a) a 

seamless integration of multidisciplinary physics in a unified manner, and (b) an automatic handling of 

massively parallel computing. Unlike traditional procedural programming systems (C, FORTRAN) in 

which one writes code with subroutines, or object-oriented systems (C++, Java) in which objects are 

the major program components, Loci uses a rule-based framework for application design.  Users of 

Loci write applications using a collection of “rules” and provide an implementation for each of the rules 

in the form of a C++ class.  In addition, the user must create a database of “facts” which describe the 

particular knowns of the problem, such as boundary conditions.  Once the rules and facts are provided, 

a query is made to have the system construct a solution.  One of the powerful features of Loci is its 

ability to automatically determine the scheduling of events of the program to produce the answer to the 

desired query, as well as to test the consistency of the input to determine whether a solution is possible 

given the specified information.  The other major advantage of Loci to the application developer is its 

automatic handling of domain decomposition and distribution of the problem to multiple processors. 

 

2.2     Numerical Algorithm 
 

The computational tool, Loci-STREAM, is a parallel CFD solver. Its versatility lies in an all-speed 

methodology which allows a seamless computation of flows involving a wide range of Mach numbers, 

i.e., incompressible to hypersonic in a unified manner. It can be used for a wide variety of applications 
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involving multiphase, compressible/incompressible, laminar/turbulent flows, with or without chemical 

reactions and phase change. For handling complex geometries, it allows generalized unstructured grids 

with arbitrary polyhedral cells. Loci-STREAM integrates proven numerical methods for generalized 

grids and state-of-the-art physical models – the methodologies embedded in Loci-STREAM enable 

routine simulations of unsteady flows in complex geometries such as liquid rocket engines requiring 

large unstructured grids and complex multidisciplinary physics [9]-[10]. 

 

The Loci-STREAM flow solver is based on the SIMPLE (Semi-Implicit Method for Pressure-Linked 

Equations) algorithm [17] and its variants, SIMPLEC and PIMPLE algorithms. It uses a control volume 

approach with a collocated arrangement for the velocity components and the scalar variables. In the 

standard algorithm, the so-called momentum interpolation approach [18] is employed to prevent 

pressure-velocity decoupling which involves adding a fourth-order pressure dissipation term while 

estimating the mass flux at the control volume interfaces. The velocity components are computed from 

the respective momentum equations. The velocity and the pressure fields are corrected using a pressure 

correction equation. The correction procedure leads to a continuity-satisfying velocity field. The whole 

process is repeated until the desired convergence level is reached.   

 

The spatial discretization options employed in Loci-STREAM include the standard second-order central 

differencing for the viscous fluxes and the standard first-order upwind (FOU), second-order upwind 

(SOU) and central difference (CD) schemes for the convective fluxes [19]. In order to accurately 

compute flows involving all-speed flow regimes – from nearly incompressible to highly compressible 

flow regions within the same computational domain (such as in the entire flow path of a liquid rocket 

injector), robust and accurate numerical schemes capable of seamlessly handling a wide range of Mach 

numbers are also implemented in Loci-STREAM.  These include compressible, characteristic based 

convection schemes such as AUSM+[20], SLAU[21] and SLAU2[22]– these schemes are robust in the 

high-speed as well as the low-speed regions of the flow field, thus allowing these schemes to be used 

in an all-speed manner. Time-stepping schemes implemented in Loci-STREAM include the first-order 

backward difference (BDF) scheme, the second-order backward difference (BDF2) scheme and the 

second-order Crank-Nicholson (CN) scheme.  

 

The basic governing equations used are the Favre-averaged Navier-Stokes equations, as given below: 

 0
j

j

u

t x

  
+ =

 
  (1) 

 ( )'' ''i j i
ij i j

j i j

u u u p
u u

t x x x

 
 

   
+ = − + −

   
  (2) 

 

( )

( )

1

'' ''  

NS
kt

j kk

kj j t j j j

j ij j

p

i

j

p

j

E h Y
u E D h

t x x Pr x x x

u u u u
x

c c

p


 

 

 

=

           
+ = + + − +     

                

  − −
  


  (3) 

where 

 
2

3

i j k
ij ij

j i k

u u u

x x x
   

   
= + − 

    

  (4) 

 '' '' 2 2

3 3

i j k

i j t t ij ij

j i k

u u u
u u k

x x x
     

   
− = + − − 

    

  (5) 

In the above,  is the density of the mixture, ui is the ith component of the velocity vector, p is the 

pressure, E is the total energy including the chemical energy, hi, is the species enthalpy and Yi the 
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species mass fraction. μ and μt are the laminar viscosity and eddy viscosity, respectively. Cp is the 

specific heat, λ is the thermal conductivity, ij are the viscous stresses, D is the species diffusivity and 

Prt is the turbulent Prandtl number. The system is closed with the Peng-Robinson equation of state (PR 

EoS) which is discussed later. The flamelet-based combustion model is also discussed later. 

 

For turbulence closure, a hierarchy of models is implemented in Loci-STREAM. The Reynolds-

Averaged Navier-Stokes (RANS) models include variants of the k-ε model [23], k-ꞷ model [24] and 

Menter’s SST model [25]. Large Eddy Simulation (LES) models include the Smagorinsky model [26] 

and the WALE model [27]. Hybrid-RANS-LES models include Detached-Eddy Simulation (DES) [28] 

and its variants, DDES and IDDES [29] as well as the Nelson-Nichols model [30].  

 

2.3     Flamelet Models 
 

Accounting for the coupling between turbulence and the chemical reactions is one of the challenges in 

turbulent combustion modeling. An attractive approach in terms of computational cost is to reduce the 

dimensionality of the problem by utilizing the concept of conserved scalars [31]. The statistics of the 

conserved scalar are described with a presumed shape PDF. The problem is then transformed to one of 

linking the conserved scalar to the reactive scalars such as species mass fractions and temperature. This 

step is often associated with assumptions regarding the flame structure and chemistry speed and/or 

complexity.  

 

Conserved scalars are quantities that are unchanged by the chemical reactions. A normalized conserved 

scalar called the mixture fraction (Z) can be defined such that it takes the value of 0 in the oxidizer 

stream and 1 in the fuel stream. Depending on the combustion regime, the mixture fraction along with 

other suitable variables can be used to describe the flame structure allowing a reduction in the 

dimensionality of the problem. Consider Figure 1 which shows the generic response of the heat release 

by a one-dimensional laminar diffusion flame in the form of the so-called S-shaped curve. Figure 1(a) 

shows the heat release versus the Damkohler number (Da) whereas Figure 1(b) shows the 

corresponding variation of stoichiometric temperature with the stoichiometric scalar dissipation rate. 

Note that the stoichiometric scalar dissipation rate is related to the Damkohler number.  The upper 

branch of the S-shaped curve represents the combusting regime. Starting from the upper branch, if the 

diffusion time scale is decreased (e.g., by increasing flow rates), the Da reduces and the heat generated 

by reactions are diffused from the reaction zone faster until the reactions cannot keep up and the 

quenching limit is reached. After quenching, a regime of pure mixing without combustion, represented 

by the lower branch of the curve, is attained. Starting from the lower branch, however, when the 𝐷𝑎 is 

increased, the same path is not followed. Instead, the pure mixing regime exists until the ignition 𝐷𝑎 is 

reached. After ignition, a rapid transition to the upper branch follows. Referring to Figure 1, if the 

Figure 1. Generic response of the heat released by a 1-dimensional laminar diffusion flame. (a) Heat 

release vs, Damkohler number; (b) Stoichiometric temperature vs. scalar dissipation rate. 
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chemistry were assumed to be infinitely fast in the analysis of such a flame, flame stretching would not 

be captured. The infinitely fast chemistry approach corresponds to the dashed line in Figure 1(a) for 

which the flame is completely described with the knowledge of mixing and hence the mixture fraction 

variable distribution alone is sufficient to describe the flame. 

 

If the flame is described by the mixture fraction variable (Z) as well as the scalar dissipation rate (), 

finite-rate chemistry effects can be recovered. However, whether the flame is extinguished or ignited, 

corresponding to the lower or the upper branches of the solid curve in Figure 1(a), respectively, depends 

on the path followed, as discussed above. A third quantity is then needed to fully determine the regime. 

A quantity called the progress variable is often employed in the context of extensions to the basic 

flamelet model.  

 

Flamelet-based approaches involving pre-tabulation have been successfully applied to a variety of 

combustion applications [2]-[3]. The original method employing look-up tables based on mixture 

fraction and its variance has proven to be inadequate for simulating topologically complex flames [4]-

[6]. For example, mixture fraction alone is insufficient to model the full physical complexity of lifted 

flames. It has been shown that the use of a progress variable in addition to the mixture fraction is 

required to capture the complex physics of these flames in a computationally tractable manner – the 

flamelet progress variable (FPV) approach has been shown to better capture the complex physics in 

detached flames [7]-[8]. In the context of liquid rocket combustion, the FPV approach has been used 

for supercritical simulations. The extension of the FPV model for transcritical and supercritical flows 

in the fully compressible context – specifically with regards to the pressure and temperature coupling – 

in a fully implicit all-speed CFD solver is the main objective of the present work.  

 

2.3.1     Steady Flamelet (SF) Model 
 

Flamelet models are based on the view of a turbulent diffusion flame as an ensemble of stretched 

laminar flamelets (see Figure 2). Inherent to this view is the assumption of a thin reaction zone which 

is thinner than the scale of a Kolmogorov eddy. The effect of turbulence is therefore limited to the 

deformation and stretching of the flame sheet but does not penetrate the reaction zone. Flamelets can 

then be viewed as thin laminar reactive diffusive layers embedded in an otherwise non-reacting 

turbulent flow field.  The local reactive-diffusive balance in flamelets are viewed as similar to that of a 

laminar flame with the same mixture fraction (𝑍) and scalar dissipation rate (𝜒).  

 

Figure 2. Flamelet model concept. 
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Flamelet equations are derived via a Crocco-type coordinate transformation of the species mass fraction 

and energy equations.  The original coordinate system is selected such that the 𝑥2 and 𝑥3 are locally 

aligned to the flame surface which is determined by the stoichiometric mixture fraction, 𝑍 = 𝑍𝑠𝑡. Then 

𝑥1, which is normal to the stoichiometric surface, is replaced by 𝑍.  The transformation, as illustrated 

in Figure 2, can be represented as: 

 ( ) ( )1 2 3 1 2, , , , , ,t x x x Z Z Z→   (6) 

where 𝜏 = 𝑡, 𝑍 = 𝑥1, 𝑍2 = 𝑥2 and 𝑍3 = 𝑥3. The laminar flamelet model utilizes the conserved-scalar 

approach in which all thermo-chemical quantities (such as the species mass fractions and temperature) 

are represented in terms of a reduced number of scales, namely the mixture fraction, 𝑍, and the scalar 

dissipation rate, 𝜒. These thermo-chemical quantities are obtained from the solution of the steady 

laminar flamelet equations which are the species and energy equations transformed in the mixture 

fraction space; these equations can be written as the following: 

 
2

22

i i
i

Y Y

Z


  



 
= +

 
  (7) 

 
2

2
1

1

2

NS
i

i

i p p

hT T p

Z C C


  

 =

  
= − +

  
   (8) 

where T is the temperature, 
i  is the species production rate and 𝜒 is the scalar dissipation rate.  

 

In Eqs. (7) and (8), the scalar dissipation rate appears as an external parameter. Pitsch et al. [3] 

considered a semi-infinite mixing layer to obtain the following analytical expression: 
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In space propulsion systems, fuel conversion and chemical reactions occur on time scales that are 

typically significantly shorter compared to the characteristic kinematic scales that are associated with 

turbulence and hydrodynamics. In these large-Damkohler number flows, all thermochemical quantities 

are in a steady state. As a consequence, transient effects in Eqs. (7) and (8) become negligible, so that 

the species and temperature distributions can accurately be presented by the solution of the steady 

flamelet equations. In this context, it is important to point out that, although transient effects in the 

flamelet equations are neglected, the dynamics of the combustion processes and the interaction between 

turbulence and reaction chemistry is fully accounted for; the only limitation that arises from such a 

steady flamelet modeling approach is that chemical effects that evolve on relatively slower temporal 

scales compared to the characteristic hydrodynamics scales (such as during auto-ignition or slow nitric-

oxide pollutant formation), are not accurately represented.  

 

Using Eq. (9), the flamelet equations (7) and (8) can be parameterized by only . All thermochemical 

quantities, { , }iY T = ,  are then parameterized in the following functional form: 

 ( ),f Z =   (10) 

Using a specified reaction mechanism, Eq. (10) can be tabulated into a library (table) as a preprocessing 

step for turbulent combustion computations.  The above approach is referred to as the Steady Flamelet 

(SF) model. 

 

In order to account for the turbulence-chemistry interaction for the prediction of turbulent reacting 

flows, the state relation (10) must be formulated for Favre-averaged or Favre-filtered quantities. The 

Favre-averaged or Favre-averaged thermochemical quantities are computed from Eq. (10) by 

employing a presumed shape joint PDF for the mixture fraction and the scalar dissipation rate. Thus, 

the flamelet results are convoluted with a joint PDF, as follows: 

 ( , )
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The mixture fraction and the scalar dissipation are are assumed to be uncorrelated, and Eq. (11) can be 

written as 

 ( ) ( )
Z

P Z P d dZ
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   =     (12) 

A beta PDF is used for the convolution of 𝑍 which is parameterized in terms of the first two moments 

of Z; its two parameters can be related to the first two moments of 𝑍 as follows: 
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For 𝑃̃(𝜒), a lognormal distribution is assumed. This assumption has been tested and verified by several 

authors. The lognormal distribution for the scalar dissipation rate is given as: 
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The PDF of the scalar dissipation rate is known if the 𝜎 and st  are given. 𝜎 is assumed to be unity 

whereas st  is obtained using Eq. (21) given below. The PDFs are constructed so as to reproduce Z, 
2Z   and st. As a result, the mean composition of the mixture can be obtained with the knowledge of 

these three quantities.  Flamelet equations can be pre-solved for a number of 𝑍 and 𝜒 values and the 

results can be integrated through the PDFs constructed for a range of  𝑍̃, 𝑍′′2̃ and 𝜒̃Z,st values, enabling  

a tabulation which can be represented as 
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The beta PDF model requires the solution of the following additional transport equations (in the CFD 

solver) for the mean and variance of the mixture fraction: 
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where D is the diffusion coefficient for the mixture fraction and Sct is the Schmidt number. The mean 

scalar dissipation rate is obtained from an algebraic model: 

 2 , 2,  0.09wherc Z cec c     == =  (21) 

To summarize, the underlying assumption of the flamelet model is that the turbulent flame consists of 

an ensemble of laminar stretched by the surrounding turbulent flow structure. Solutions for such 

flamelets, typically modeled as a counter diffusion flow problem, are pre-computed and parameterized 
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with the scalar dissipation rate. The resulting flamelets are mapped from the 𝑍 field into the laminar 

mixture composition field for each scalar dissipation rate. These are further processed by convoluting 

with presumed shape probability density functions (PDFs) to represent turbulent statistics. Finally, the 

results are tabulated as a three-dimensional lookup table as follows:  

 2, , , , , ,iZ Z D Y T   →  (22) 

The coupling of the flamelet model with the CFD solver (Loci-STREAM) is illustrated in Figure 3.  

 

It should be noted that when 𝜒 approaches zero, the flamelet model becomes equivalent to the presumed 

PDF/equilibrium model. The latter is simpler and more convenient when non-equilibrium effects are  

negligible. In the PDF/equilibrium model, the equilibrium state for a given mixture fraction value can 

be uniquely determined from the mixture fraction variable and the minimization of Gibb’s free energy.  

Turbulent statistics of the mixture fraction can still be represented via the presumed shape PDFs. 

 

2.3.2     Flamelet Progress Variable (FPV) Model 
 

A major limitation of the steady flamelet (SF) model arises from the parameterization of the 

thermochemical quantities, in which mixture fraction Z and scalar dissipation rate Z,st are used. In 

particular, this parameterization of the entire flamelet solution space is not unique and results in multiple 

solutions for Z,i   Z,st  Z,q where “i” represents auto-ignition and “q” represents flame quenching or 

extinction (see Figure 4(a)).  This can be seen in Figure 4(b) which shows that three flamelet solutions 

(temperature profiles) are possible – corresponding to the three branches of the S-shaped curve – for 

the same scalar dissipation rate of Z,st=1 s-1 (given by the location of the dashed vertical line in Figure 

4(a)).  In the SF model, in order to obtain a unique solution, the upper (burning) branch is always chosen, 

thus excluding any possibility of unsteady effects such as auto-ignition or local flame quenching.  To 

overcome this limitation, a flamelet/progress variable (FPV) formulation has been developed[7]-[8].  In 

the FPV model, a reaction progress variable C is introduced as a parameter, which replaces the scalar 

dissipation rate. This progress variable (C) represents the progress of the reaction locally and is defined 

Figure 3. Flow chart for coupling the flamelet model with Loci-STREAM. 
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using a linear combination of reaction product species. As an example, for methane/air chemistry the 

following definition is commonly used: 

 = + + +
2 2 2CO H O H COC Y Y Y Y   (23) 

Such a specification allows a unique identification of each single flamelet along the entire S-shape 

curve.  This effectively means that, compared to the SF model, the FPV model employs a horizontal 

projection onto the S-shaped curve, as shown in Figure 5, so that a unique flamelet solution is always 

obtained along the S-shaped curve. 

 

In the FPV model, transport equations for the mixture fraction (Z) and the progress variable (C) are 

solved. The transport equation for Z is given by Eq. (19) and the transport equation for C is given by 

the following: 

 
j

C
j j j

u CC C

t x x x


 
   

+ = + 
     

  (24) 

where 
C  is the production rate for the progress variable.  

All thermochemical quantities are parameterized in terms of mixture fraction Z and progress variable 

C, and the turbulence/chemistry interaction is modeled through a presumed PDF closure model.  The 

parameterization can be represented as: 

 2, , ,PDF tablelookup

iZ Z C Y T ⎯⎯⎯⎯⎯→   (25) 

Figure 4. S-shaped curve illustrating multiple solutions resulting from steady flamelet (SF) model. 

Figure 5. Comparison of the Steady Flamelet (SF) Model and the Flamelet/Progress variable (FPV) 

model: (a) the horizontal projection used in the SF model and (b) the vertical projection used in the 

FPV model.  The solid (red) lines show the accessible solution in the SF (a) and the FPV (b) models.  

(a) (b) 
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To summarize, in the Flamelet/Progress Variable (FPV) approach, the chemistry is precomputed and 

tabulated as a series of laminar flamelet solutions. Flamelets are first computed for different values of 

the scalar dissipation rate at a constant background pressure and specified constant fuel and air 

temperatures, and then the flamelets are parametrized by the mixture fraction and the reaction progress 

variable. The resulting flamelet table is used for the determination of the local temperature, species, 

density, source term of the progress variable and other thermal-transport quantities needed by the CFD 

solver. Presumed PDFs are introduced to account for the turbulence/chemistry interaction. Typically, a 

beta-PDF is used for the mixture fraction and a delta-PDF for the progress variable, which has been 

shown to be a reasonable approximation in many studies. Since the reacting region is typically in the 

ideal gas regime even under transcritical combustion conditions, the PDF closures perform similarly as 

for ideal gas reacting flows. 

 

2.4.3     Thickened Flame Model 
 

An alternative turbulence-chemistry closure called the Thickened Flame (TF) model is also commonly 

employed [41]-[43]. The basic idea of the Thickened Flame model is to move the turbulence closure 

for the chemical source terms out of the flamelet tables, bringing it instead into the governing PDEs 

being solved by the CFD solver. The concepts underlying thickened flame closure evolved from the 

analytical investigation of the fundamental conservation equations governing laminar premixed flames 

as well as the DNS solution of such flames [41]. In general, when numerically simulating the 

propagation of a premixed flame on a grid of finite resolution, an adequate resolution of the flame is 

required to avoid numerical difficulties. Resolving the flame implies that the flame thickness must be 

captured over multiple cells in the grid. Generally, however, an actual flame is much thinner than the 

minimum cell size in the mesh. From basic analytical work [41] it was found that if the molecular 

diffusivities in the governing equations are multiplied by a flame thickening factor, F, and at the same 

time the reaction rates in the governing equations are divided by the same factor, an equivalent 

thickened flame will result. This flame will be F times thicker than the original flame (and able to be 

resolved on the mesh) but will have the same flame speed as the original flame. Subsequent research 

[42], however, found that the resulting thickened flame did not respond in the same manner as the 

original flame to eddies in the flow field. Typically, a flame exposed to swirling eddies in the flow will 

stretch and fold (or wrinkle). As a result of this, the surface area of the flame front separating unburned 

fuel and oxidizer is increased, leading generally to an increased net reaction rate and thus an increased 

heat release per unit volume around the flame front. In order to counter the reduction in stretching and 

wrinkling of the thickened flame compared to the original flame, a so-called efficiency function, E, was 

introduced into the formulation which effectively enhances the reaction rate term in the governing 

equations. The resulting governing equations for mixture fraction and progress variable in the flamelet 

formulation, when using thickened flame closure, appear as follows, where multiplicative factors due 

to the closure model appear in the diffusion terms: 

 ( )
j t

j j t j

Z u Z Z
D EF

t x x Sc x

 


     
+ = +         

  (26) 

 ( )
j

C
j j j

u CC C E
D EF

t x x x F


 

     
+ = +          

  (27) 

In the original thickened flame closure model (Colin et al [42]), the flame thickening factor was 

specified as a constant value in the range 5<F<30. The efficiency function, E, on the other hand was 

determined on a point-by-point basis in the flow using a rather complex procedure designed to quantify 

the local flame wrinkling due to resolved and unresolved (sub-grid) flow motions and its effective 

increase in the local heat release. Vreman et al [43] designed a new variation of the thickened flame 

closure approach which is substantially easier to implement and is more amenable to be employed with 

a variety of turbulence models (RANS, DES, LES). Noting that the multiplicative factor EF which 

multiplies the molecular diffusivity in Eqs. (26) and (27) can be tied to the underlying turbulence model 

(giving a spatially-varying thickening of the flame), this product is given by the following relation: 
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( )1 t t nD Sc D

F EF
D

  
+

+ +
= =   (28) 

One can see that the product EF is essentially the ratio of the total diffusion to the molecular diffusion. 

Strictly speaking, this total diffusion includes the original laminar diffusion (D), the turbulent diffusion 

arising from the use of a turbulence model (t is the eddy viscosity resulting from the turbulence model 

and Sct is the turbulent Schmidt number) as well as the diffusion (Dn) arising from the numerical 

treatment of the convection term in the governing equations (this last term is commonly neglected). As 

a result of this definition of EF, in actuality, no modification of the existing diffusion terms in Loci-

STREAM need be made since the existing turbulent diffusion coefficient is exactly the product DEF 

(referring to the equations above). One needs simply to be able to compute the factor (E/F) which then 

multiplies the chemical source terms. To this end, Vreman et al [43] proposed a simple model which 

relates the efficiency function E to the flame thickening factor as 

 , 0 2 / 3E F =     (29) 

where the theoretical limits of α were originally established by Colin et al [42]. Using this relation, the 

final expression for the factor (E/F) which multiplies the chemical source term in the governing 

equations of Loci-STREAM assumes the following form: 

 ( )
1E

F
F

 −
=   (30) 

Increasing the effective viscosity results in more damping of the chemical source term, whereas 

increasing flame wrinkling efficiency results in less damping of the chemical source term. For RANS 

simulations, in which the flame may be several cells thick, local damping factors can range anywhere 

from 0.1 < (E/F) < 0.5. For DES and LES simulations in which the viscosity ratios are much lower, 

damping factor will generally fall in the range 0.8 < (E/F) < 0.95. Reversion to proper DNS behavior is 

satisfied in the sense that as the eddy viscosity approaches zero, resulting in a viscosity ratio of unity, 

the damping factor (E/F) also approaches unity, implying no modification of the laminar reaction 

source term values. 

 

2.5     Compressible FPV (CFPV) Model for Super- and Trans-Critical Flows 
 

An extension of the classical FPV approach has been proposed for trans- and supercritical combustion 

simulations in the context of finite volume, fully compressible, fully explicit solvers by Ma et al [15]. 

The solution of the laminar flamelets in mixture fraction space and the chemistry tabulation requires 

special considerations in order to fully model the non-linear effects in transcritical flows. A similar 

approach is adopted here. Moreover, this approach is developed here as a fully compressible 

combustion model in the context of a fully implicit all-speed solver, i.e., Loci-STREAM.  

 

The approach presented in this section utilizes the flamelet (FPV) methodology extended to account for 

compressibility involving both ideal and real fluids. The ideal-gas thermodynamics is modeled by 

linearizing the specific heat ratio whereas the parameters needed for the cubic Peng Robinson equation 

of state are pre-tabulated for the evaluation of departure functions and a quadratic expression is used to 

model the attraction parameter. This compressible model is able to account for temperature and pressure 

variations from the baseline flamelet table using a computationally tractable pre-tabulated combustion 

chemistry in a thermodynamically consistent fashion. 

 

2.5.1     Thermodynamic Properties Using Peng-Robinson EoS 
 

In the compressible combustion model of the present work, augmenting the governing PDEs presented in 

Section 2.2 is a flamelet tabulation procedure which is based on the Peng-Robinson equation of state (PR-

EoS) that provides both ideal-gas reference state and real-fluid thermodynamic information about the 

mixture (for a given Z and C). The Peng-Robinson (PR) equation of state [34] is employed for the 

evaluation of thermodynamic quantities; it can be written as: 
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2 22

RT a
p

v b v bv b
= −

− + −
  (31) 

where p is the pressure, R is the gas constant, T is the temperature, v is the specific volume, and the 

attraction parameter a and the effective molecular volume b are dependent on temperature and 

composition to account for effects of intermolecular forces. For mixtures, the parameters a and b are 

evaluated as follows: 

 
1 1

s sN N

a X X a  
 = =

=   (32) 

 
1

sN

b X b 

=

=   (33) 

where X  is the mole fraction of species  . Extended corresponding states principle and single-fluid 

assumption for mixtures are adopted [35]-[36]. The parameters a and b are evaluated using the mixing 

rules recommended by Harstad et al. [37]: 

 
( )

22

,

, ,

0.457236 1 1
c

c c

RT T
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p T



 
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  (34) 

 
,

,
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c

c
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b

p







=   (35) 

 20.37464 1.54226 0.26992c   = + −   (36) 

where ,cT  and ,cp   are the critical temperature and pressure of species  , respectively. The critical 

mixture conditions for temperature ,cT  , pressure ,cp   and acentric factor ,c   are determined using 

the corresponding state principles [38]. 

 

Partial derivatives and thermodynamic quantities based on PR-EoS that are required for evaluating other 

thermodynamic variables can be derived analytically, as given below: 

 
( )
2 2

, 2

i

i

X

v X

a Tp R

T v b v bv b

  
= − 

 − + − 
  (37) 
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  (38) 
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 1 2 2

1 (1 2) /
ln

2 8 (1 2) /

v
dv v b

K
v bv b b v b+

 + −
= =   + − + + 
   (42) 

For real fluids, thermodynamic quantities are typically evaluated from the ideal-gas value plus a departure 

function that accounts for the deviation from the ideal-gas behavior. The ideal-gas enthalpy, entropy and 

specific heat are evaluated from the NASA polynomials at a reference temperature of 298 K. The specific 

internal energy can be written as 

 ( ) ( )
2

,0

, , ,

i

ig

i i

X

p d
e T X e T X p T

T










  
= + −  

   
   (43) 

where the superscript “ig” indicates the ideal-gas value of the thermodynamic quantity, and the above can 

be integrated analytically for PR-EoS to give 

 1

i

ig

X

a
e e K a T

T

  
= + −  

   

  (44) 

where K1 is evaluated using Eq. (42).  The specific enthalpy can be expressed as: 

 1

i

ig

X

a
h h RT K a T pv

T

  
= − + − +  

   

  (45) 

The specific heat capacity at constant volume and constant pressure, respectively, are evaluated as 

 
2

1 2

, i i

ig

v v

v X X

e a
c c K T

T T

   
= = −   

    
  (46) 
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= = − − −  
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  (47) 

The speed of sound for a real fluid is given by 

 
2

, i
Ts X

p
c



 

 
= = 

 
  (48) 

where   is the specific heat ratio and T  is the isothermal compressibility defined as 

 
,

1

i

T

T X

v

v p


 
= −  

 
  (49) 

The specific heat ratio is linearized around temperature to eliminate the costly iterative procedure to 

determine temperature, and also to obtain other thermodynamic quantities which are functions of 

temperature.  

 

 

 

 

2.5.4     Transport Properties 
 

Transport quantities are evaluated based on the method due to Chung et al [39]-[40]. A power-law is used 

to approximate the temperature dependency: 

 
0 0
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



 
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  (50) 
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  (51) 

The compressible flamelet methodology discussed above is thermodynamically consistent in the entire 

flow path of a rocket engine (from oxidizer and fuel manifolds to the exit of the nozzle) and circumvents 

the need for any ad hoc compressibility corrections of the FPV model in Loci-STREAM. 

 

2.5.4     Compressible Combustion Model 
 

The compressible flamelet modeling capability presented here seamlessly handles all parts of the 

combustion domain, including the upstream fuel and oxidizer manifold sections, the combustion 

chamber and the highly compressible nozzle. In the classical low-Mach number flamelet 

implementations, the temperature, species, and density are assumed to depend only on the transported 

scalars (Z and C). However, when compressibility effects need to be taken into account, an 

overdetermined thermodynamic state arises from the use of the flamelet table with tabulated 

thermodynamics. On the one hand, the full thermodynamic state, at constant pressure, is defined within 

the flamelet table. On the other hand, the transport equations contain two thermodynamic variables, 

namely density and internal energy, which are also suffcient to fully characterize the thermodynamic 

equilibrium state of the fluid if the composition of the fluid mixture is known. In order to address this 

issue of the over-determined thermodynamic states, a strategy has been developed by Saghafian et al. 

[44] in the context of ideal gas flows to account for the pressure and temperature variations arising in 

supersonic combustion using the FPV approach. A similar approach is adopted here – the specific heat 

ratio is linearized around temperature to eliminate the costly iterative procedure to determine 

temperature, and also to obtain other thermodynamic quantities which are functions of temperature. 

 

To properly account for compressibility, the underlying strategy rests on correcting the tabulated values 

in the flamelet table with the transported quantities based on the EoS used.  Specifically, since PR-EoS is 

employed here, along with thermodynamic quantities needed for evaluation of the ideal gas 

thermodynamic quantities, parameters a and b, and the first and second derivatives of the parameter a 

with respect to temperature are needed for the calculations of the partial derivatives in the equations above 

which are required for the evaluation of the departure functions. However, the parameter a, along with its 

derivatives, is a function of both the species composition and the temperature, and thus may not be 

consistent with the temperature corresponding to the transported variables. The following procedure is 

adopted for the evaluation of the parameter a and its derivatives: the dependence of the parameter a on 

temperature is assumed to be a quadratic function as follows: 

 
2

1 2 3a C T C T C= + +   (52) 

where the coefficients 1 2 3, ,C C C  can be obtained from tabulated quantities:  
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  (53) 

 2 1 0

0

2
a

C C T
T

 
= − 
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  (54) 

 
2

3 0 1 0 2 0C a C T C T= − −   (55) 

where the subscript “0” indicates the stored baseline quantities in the table.  

 

The first and second derivatives of the parameter a with respect to temperature can be determined by 

taking derivatives of Eq. (52); thus, the proposed model corresponds to a linear and a constant 

approximation to the first and second derivatives of a, respectively. Once the parameter a and its 

derivatives have been thus obtained, along with the parameter b and the gas constant R, all the partial 

derivatives which are needed for computing other thermodynamic quantities can be evaluated for a given 
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mixture, and therefore, the thermodynamic state is determined. Note that similar to the quadratic model 

given in Eq. (52), a linear model or a constant model for the parameter a can also be constructed based on 

the stored values in the table. The performance of the quadratic, linear, and constant models has been 

examined by Ma et al. [15] and the quadratic model was found to exhibit a superior performance in 

predicting the parameter a and its derivatives when temperature is away from the reference value. 

Moreover, this quadratic model performs very well in predicting other thermodynamic quantities [15], 

thus validating this approach. 

 

The real-fluid energy is then evaluated as 

 
ig depe e e= +   (56) 

where ige  and depe  are the ideal-gas and departure function values of the internal energy. The ideal-gas 

value including the chemical energy of the mixture is calculated with a linearized specific heat ratio: 
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  (57) 

where 0 0 0, , , ,ig ig igT e R a   are parametrized with 
2, andZ Z C , and stored in the flamelet table. The 

departure function is given by 

 1

i

dep

X

a
e K a T

T

  
= −  
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  (58) 

where Eqs. (52)-(55) are used to compute the parameters required for PR-EoS. To determine the 

primitive variables from the conservative variables, a bracketed secant method is used to obtain 

temperature given the transported pressure and internal energy. Following this, the density along with 

other thermodynamic quantities is evaluated as a function of the pressure and temperature. 

 

The above compressible FPV (CFPV) approach focuses on the thermodynamics and no special 

modification is made for the chemistry part in the flamelet solver. Typically, in rocket engines, 

combustion takes place at high temperatures away from the real-fluid region where cryogenic 

temperatures exist. Combustion in typical rocket combustion chambers can be considered to occur at 

low-Mach conditions where compressibility effects are small. However, for the inert and equilibrium 

parts of the flows where the chemical source terms are not active, compressibility may play a critical 

role for predicting the behavior of the system locally – flows in the injectors and through the nozzles in 

rocket engines, for example. Therefore, in the fully compressible combustion model developed here for 

practical simulations, the flamelet table can be generated at conditions of the combustion chamber 

where combustion takes place, and discrepancies in temperature and pressure in other parts of the flows 

due to real-fluid effects and flow compressibility can be handled by the compressible FPV (CFPV) 

model described above.  

 

The compressible flamelet progress variable (CFPV) model discussed above is thermodynamically 

consistent in the entire flow path of a rocket engine (from oxidizer and fuel manifolds to the exit of the 

nozzle) and obviates the need for ad hoc compressibility corrections of the FPV model in Loci-

STREAM. 

 

3     Results of a Validation Test Case 
 

The first case used to validate the flamelet methodology is a single element GOX-GH2 shear coaxial 

injector with available wall heat flux data. This case is based on experiments conducted by Pal et al 

[45]. The experimental setup consists of a single element shear coaxial injector, a main cylindrical 

combustion chamber and two GOX/GH2 pre-burners which provide hot, oxidizer-rich and fuel-rich 

streams. The main chamber wall is instrumented with coaxial heat flux gauges which provide both  

temperature and heat flux profiles. The geometry for the simulations of this injector matches the internal 



 ICCFD12

 16 

injector element flow path of the hardware used in the experiments [45]. The experimental injector 

geometry with the fuel flow and oxidizer flow paths is shown in Figure 6. The geometry for the 

simulation consists of a single coaxial injector with a constant diameter chamber section and shown in 

Figure 7. Details of the experimental conditions are provided in Pal et al [45].  

 

The key flow parameters and fluid properties are summarized in Table 1. The oxidizer stream contains 

0.906 moles of oxygen, 0.0940 moles of water, and is injected at a temperature of 711 K. The fuel 

stream contains 0.857 moles of hydrogen, 0.143 moles of water, and is injected at 800 K. For the 

simulations, constant flow rates of 0.0904 kg/s (oxidizer) and 0.0331 kg/s (fuel) are specified at the 

respective inlets. No-slip conditions are applied at all wall surfaces. All of the injector wall surfaces are 

assumed to be adiabatic. The face of the combustion chamber and oxidizer post tip are assumed to be 

fixed at 755 K. The axial temperature distribution along the radial wall of the combustion chamber is 

specified using available experimental data. The nozzle temperature is assumed to be fixed at 510 K. 

The reference pressure for the computations is set at 5.2 MPa. At this pressure the bulk exit velocities 

of the injector are 154 m/s for the oxidizer stream and 764 m/s for the fuel stream. 

 

As an initial test case, a relatively coarse 3D grid for the RCM1 injector was generated consisting of 

6.8 million cells. Both RANS and DES simulations were conducted employing the CFPV model to test 

the stability and robustness of the overall algorithm. The SLAU convection scheme along with Crank-

Nicolson time-stepping scheme was employed for these simulations. Figure 8 shows the 3D geometry 

as well as a representative DES result of the temperature field – an iso-surface of temperature equal to 

3300K at one time instant is shown along with the temperature distribution on the walls of the 

combustor geometry. Figure 9 shows the contours of temperature and OH mass fraction, respectively, 

at one time instant.  

Figure 7. Computational domain with the specified boundary conditions. 

Figure 6. Cross-section of the experimental geometry. 
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As the next step, a mesh refinement study was conducted at NASA to ensure that the CFD solution was 

independent of the mesh spacing. The hybrid-unstructured mesh employed for the simulations was 

optimized to produce accurate, engineering quality wall heat flux results while limiting the volume cell 

Table 1. Key flow parameters and fluid properties for the RCM1 GOX-GH2 injector. 

Figure 8. 3D coarse-grid DES simulation of RCM1 injector: (a) 3D geometry; (b) Iso-surfaces of 

T=3300K and boundary contours of temperature at one instant. 

(a) 

(b) 
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count to approximately 30 million to facilitate a reasonable computational turn-around time. The mesh 

density is the highest near the surface of the oxidizer post tip and along the adjacent surfaces. The mesh 

was also refined along the shear layer region. To enable an accurate simulation of heat transfer between 

the chamber gas and the wall, the y+ of the near-wall cells is limited to a value of 0.5 throughout most 

of the chamber. 

 

Figure 10 shows the wall heat flux results of simulations from the two flamelet models in Loci-

STREAM: (a) the FPV model with beta-PDF closure (labelled STREAM-FPV-Beta) and (b) the CFPV 

model with thickened flame closure (labelled STREAM-CFPV-TF). plotted against the experimental 

data and other CFD simulations results found in the literature. Due to the relatively simple complexity 

of hydrogen-oxygen chemistry mechanisms, direct modeling of reactions with laminar finite chemistry 

is feasible for this application. Results from two studies using finite rate chemistry models are shown 

in Figure 10, namely: (a) the simulation by Tucker et al. [46]– labelled FRC-RANS-Tucker in Figure 

10 – which used laminar finite rate chemistry and steady-state RANS model on an axisymmetric, 400 

thousand cell mesh, and (b) the simulation conducted by Oefelein [46] – labelled FRC-LES-Oefelein 

Figure 9. 3D coarse-grid DES simulation of RCM1 injector using the CFPV model: (a) 

temperature and (b) OH mass fraction at one time instant. 

(a) 

(b) 

Figure 10. Wall heat transfer for GOX/GH2 injector: comparison with experimental data. 
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in Figure 10 – which used finite rate chemistry, time-accurate LES, and a specialized sub-grid scale 

model on a three-dimensional, 255 million cell mesh. The wall heat transfer result from the FRC-LES-

Oefelein simulation provides the best match with the experimental data in terms of the location and 

magnitude of the peak heat release as well as the profile downstream. The FRC-RANS-Tucker 

simulation overpredicts the wall heat transfer profile downstream of the peak location. Both flamelet-

based models, namely, the STREAM-FPV-Beta and STREAM-CFPV-TF models, capture the general 

physics and the variation of heat flux down the chamber. However, both flamelet models underpredict 

the wall heat flux compared to the experiment by about 10-15% of the reported values in the data. The 

flamelet simulations also underpredicted the peak heat flux value and the values downstream by about 

10%.  

 

 

4     Sample Rocket Engine Injector Simulations 
 

The turbulent combustion modeling capability in Loci-STREAM based on the flamelet methodology 

has been employed at NASA for a variety of rocket combustor simulations. Figure 11shows a five-

element sector of a GOX-RP1 injector using 130 million cells and more than 2000 CPUs on the NASA 

Pleaides supercomputing cluster. Loci-STREAM’s overset mesh capability was utilized to combine the 

components into a 5-element sector computational domain [47]. Finally, sample results from CFD 

simulations of modern oxygen-methane engines using Loci-STREAM conducted to support in-space 

propulsion development projects by Richardson [48] at NASA are presented in Figure 12. The 

following sample large-scale simulations are presented: 

 

(a) Oxygen-methane engine design concept using shear flow injector elements: 

 

This case involves a concept oxygen-methane engine design using shear flow injector elements. The 

goal of this simulation was to extract heat flux distribution to chamber walls for a range of conditions 

to ensure that enough heat was extracted from the chamber walls to drive the turbine. The CFPV model 

was utilized to enable efficient use of a large mesh and complex geometry. As seen in Figure 12(a), the 

blue iso-surface shows where the flame rapidly transitions from majority unburned O2 and CH4 

propellant to majority combustion products such as CO2, CO and H2O. The green-yellow wall surface 

plot shows contours of heat flux into the chamber wall. The hardware was designed to have higher heat 

flux at the aft end (right side) of the chamber. Traditionally, empirically derived design tools are not 

capable of accurately predicting this type of axial heat flux distribution down the chamber wall. The 

CFD-predicted wall heat flux was used to develop the turbine power cycle. 

 

 

Figure 11. Application of the compressible flameless progress variable (CFPV) model in Loci-

STREAM to (a) GOX-RP1 injector simulation [47]. 

GOX-RP1 injector: instantaneous temperature field. 

Five-element sector of GOX-RP1 injector: 

using 130 million grid cells and 2000 CPUs. 

Loci-STREAM’s overset mesh capability was 

utilized to combine the components into a 5-

element sector computational domain. 
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(b) Oxygen-Methane engine design concept using impinging flow injector elements: 

 

The next case involves a concept oxygen-methane engine design using impinging flow injector 

elements. The goal of this simulation was to quantify the heat release distribution in the primary 

combustion zone to quantify potential combustion instability modes. The CFPV model was employed 

to enable efficient use of a large mesh and complex geometry. This combustion simulation involves 

more than 100 injector elements and more than 600 million volume cells. As seen in Figure 12(b), the 

blue iso-surface shows where the flame rapidly transitions from majority unburned O2 and CH4 

propellants to majority combustion products such as CO2, CO and H2O. The cross-section shows 

temperature contours. The combustion gas temperature rapidly increases just downstream of the blue 

iso-surface which is the vigorous combustion zone. The green-yellow wall surface plot shows contours 

of heat flux into the chamber wall. This simulation showed that the impinging injector elements force 

rapid combustion of the propellants as indicated by the relatively short persistence of the blue iso-

surface down the chamber. The CFD simulation was able to provide the time lag parameter which is 

not well quantified in traditional combustion stability analysis methods for this injector type.      

 

3     Conclusion and Future Work 
 
A computational tool capable of modeling unsteady turbulent combustion using a compressible flamelet 

methodology has been developed which provides a high-performance, high-fidelity simulation 

capability to enable accurate, fast and robust simulation of unsteady turbulent, reacting flows in rocket 

engines. The classical flamelet methodology has been extended to handle both ideal gases and real 

Figure 12. Combustion modeling of oxygen-methane engine design concepts using the compressible 

flamelet progress variable (CFPV) model in Loci-STREAM [48]. 

(b) CH4-GOX combustion inside a concept engine chamber using impinging injector elements (100 injector 

elements, 600+ million grid cells); simulation conducted by Richardson [48]. 

(a) CH4-GOX combustion inside a concept engine chamber using shear flow injector elements; simulation 

by Richardson [48]. 
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fluids. The thermodynamics for ideal-gas values is modeled by a linearized specific heat ratio model. 

Real fluid effects are modeled with the cubic Peng-Robinson equation of state (PR EoS). The 

parameters needed for the PR EoS are pre-tabulated for the evaluation of departure functions and a 

quadratic expression as a function of temperature is used to recover the attraction parameter away from 

the reference temperature. The present Compressible Flamelet Progress Variable (CFPV) methodology 

developed in Loci-STREAM is able to account for pressure and temperature variations from the 

baseline table and is thermodynamically consistent in the entire flow path of a rocket engine (from 

oxidizer and fuel manifolds to the exit of the nozzle) and circumvents the need for ad hoc 

compressibility corrections of the standard Flamelet Progress Variable (FPV) model. These 

enhancements in Loci-STREAM have yielded higher fidelity and a more reliable analytical/design 

capability relative to the existing capability for turbulent reacting flows in rocket engines. 
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