ICCFD12

Oral presentation | Higher order methods
Higher order methods-III
Tue. Jul 16, 2024 2:00 PM - 4:00 PM Room C

[5-C-04] A robustness-enhanced reconstruction based on
discontinuity feedback factor for high-order finite volume
scheme

*Hong Zhang', Xing Ji", Yuan Ding?, Kun Xu? (1. School of Aerospace Engineering, Xi'an Jiaotong

University, 2. Department of Mathematics, The Hong Kong University of Science and Technology)

Keywords: Robustness, High-order finite volume scheme, Discontinuity feedback factor

©Retained by Authors



A robustness-enhanced reconstruction based on
discontinuity feedback factor for high-order finite
volume scheme

Hong Zhang1 - Xing Ji' - Kun Xu?
July 16 2024

! Xi'an haotong University, China
2 The Hong Kong University of Science and Technology, Hong Kong



Table of contents

1. Why & How high-order

2. Gas-kinetic scheme & Temporal advance

3. Discontinuity feedback factor & Hybrid reconstruction

4. Summary & Future work



Why high-order

The success of second-order method
* In the 1990s, CAE software utilizing the second-order method and
Reynolds-average Navier-Stokes equations had achieved lots of
successful application in aircraft design.
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Reconstruction a linear function distribution within an element
Wi(x) = Wy + WX'. (X)

[1] Witherden, Freddie D ., and Antony Jameson, 23rd AJAA Computational Fluid Dynamics Conference. 2017, ,
[2)Goldhammer, M. 1., CEAS/KATnet Conference On Key Aerodynamic Technologies, Bremen, 2005. 2



Why high-order

In hypersonic case

* ‘[emperature contour

e Large temperature gradient (and
thermal boundary layer) in the
nose of re-entry vehicle

» Subsonic recirculation region
(unsteady-turbulent) in the tail

High-order method is more efficient for high-order term and turbulence

[1]Brock J M, Subbareddy P K, Candler G V. AJAA journal, 2015. 3



How high-order

Challenge for hypersonic applications

In comparisen with second-order method

* Lack of robustness facing strong shock/rarefaction wave.
» Incompatible data structure with second-order method, hard to program

+ Less Computational cost
Hypersonic vehicle:

» High Mach
+ High Re

Needed:

« Robustness

« Efficiency

* Complicated -
* Portability
geometry
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GAS-KINETIC SCHEME

BGEK kinetic model

_____________

1t —order C-E expansion N-5 equation
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Free transport Collision

gas distribution function gives

f:f(x? u?f?t)

conservative variables and flux can be obtained by

"Eé :fﬂf’ﬁji F(f)=fuwfd2
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GAS-KINETIC SCHEME

oas distribution function modeled by K. Xu

f=e g [1- (r+t)a, - u — TATH(u)
+e TG 1 - (r + hal - u— TAT](1 - H(u))
+(1—e VMgt + [(t+ )T —7]as - ugt + (t — 1+ Te VA"

flux function gives
F(ty = FOW) + F:((W, VWt
twao-stage forth order (S204) temporal advance(t" — t™)
W* = W'+ lﬂtL(W”) + 1m2ix(ww
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GAS-KINETIC SCHEME

A simple test: Configuration 6

' 1 1.5
= «:% @,j = 1}
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X x
(o S204+GKS (b} S5P-EK+L-F

Figure 1: Configuration 6: the density distributions at 1 = 1.6 with 00 x 800

meshes. {a-b) different schemes.

Resolution < Robustness
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WENO-AQO RECONSTRUCTION

For the fifth-order WENO-AQ method, the three sub-stencils give

7= {lialics b 85 = {lic i fiads S5 = (ks fias figa)

The large stencil gives

S = {1i_ fiz1s fis lats a2}

,D,Ir3 (X}, ,D?(K), ;:)53 (x} and p™(x) are reconstruct polynomials correspond to
mndividual stencil, and

%/ PR (xydx =Wy, [=0,12

JH1

1 — ,
Ff pR()dx = Wigos, =0,1,2, R=1,2,3.

R =2
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WENO-AO RECONSTRUCTION

By the given lingar weights
{jg = dH,-; Ef[] = (1 - {fo-)(W - dm)fz; Eﬁ = (1 - {jH,i}d.l_u; {:fz = dg

and calculate the smoothness indicators(

il X|'+1|l'2.,l {jq 2
ﬁ}E:ZhEQ""[ ({f q,.Dh’(K))
g=1

Ko

the non-linear weights ( and normalized weights give

2 3
Tz _
wy = dy (1+(,B¢ +S) ):’&J.‘e Zde
! d=0

the final form of the reconstruct polynomial gives

2
P(x) = @3 (dlgp?(x) - Z—% (x)) thph (x)

b=0 =0
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WENO-AO RECONSTRUCTION

Robustness Analysis
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Figure 2: Three possible distributions of variables Q;_,, - -+, Qi ;. {a) Smooth

sub-stencils exist, and the WENO reconstruction will automatically approximate to
{Q;_5,Q;_1, Q;} by weights. (b-c) Each sub-stencils have a discontinuity, while
WENO can only select the relatively smooth sub-stencil by weights, which means the

effectiveness of the reconstruction polynomial for each sub-stencil is reduced.

1CCFD 2 - JAFAN 11



DISCONTINUITY FEEDBACK FACTOR

The idea of DF is to start from the interface reconstruction values at the
current time step, and predict the cell that the discontinuities will enter at the
next step. Denote ay; € (0, 1] as DF ata cell Q;

E—1/2 [+1/2
_ s 2 \ )
* @ = pog Lo @pom P tn
TR [ |
. &Iﬂ,m = _'I+DZ 15 the DF a'u_u—-'ﬂl |"M_‘“l
: : vtk T it W'
corresponding to the Gaussian o
. |
leI‘lt xﬂ,m | |
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! r : ! r : Wi | L
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Strong discontinuities lead to «;; approximate to 0.

ICCFD2 - JAPAT 11



HYBRID RECONSTRUCTION

KEY: Combine with the WENO-AO & DF factor
step 1: calculate the o, ; for cell <2; ; by o = E=1 an=1 @n m
step 2: shock capture by min(a; j, @rhroshold )

if min(ﬂ-’f,jz- Grhreshold) = Qthreshold = €0 to step3

it minfe; j, @rhresholg) = @jj = g0 to stepd

step 3: spatial reconstruction by WENO-AD

step 4: spatial reconstruction by Hybrid: only stencil S"f ={l_1,fn, 1} is

used, extra modification is needed for reconstruction polynomial

ICCFD 12 - JAFATN 12



HYBRID RECONSTRUCTION

Initial polynomial (for stencil 853} gives ( }

.
3(}‘5) = Wu"‘ (WHH Wi (- CD)"'E ( Wi_q W, + Wr+’| ;) (K —£1)
modified by DF factor

pup(x) =W + (,053 (x) — Wf,,f)

i |
1 |
1 L
* ® o T 1 = . ~ - with DF
WE—Z Wi—l: ‘1‘ : W;+1 WE+2 mme without BF
I'--"-"'* s recomstructed value
1 W 1
| i 1l
|
. |
Xi-2 Xi-1 ! X ! Xir1 Xit2
W
Xi+1/2

[1] Zhang H et al. A robustness-enhanced reconstruction based on discontinuity feedback lactor for high-order finite volume
scheme. Journal of Scientific Computing, 2024 13



HYBRID RECONSTRUCTION

ehrecholg Closely related to discontinuity capture

* Ghresholg 1. mere THYBRID stencils™ are used
robustness, resolution ]

* Gerechalg 1. more TWENQO-AQ stencils” are used
robustness|, resolution

KEY: how to select a suitable value of a4, 004000

ICCFD 12 - JAFATN 14



HYBRID RECONSTRUCTION

Relationship between @y, oo by & resolution

I} L L N L ) I} L L N L )
1] b2 b4 OBE O3 1 1] b2 b4 & O3 1
X X

(b} appres = 0.3 (a-d) Different values of o ros
res = M.
using 5204 GKS solver

(a) epres = 0.1
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(€} appres = 0.0 (d} aepres = 0.8
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HYBRID RECONSTRUCTION

Relationship between @y, ooy & robustness

Hurricane-like problem: Racefaction wave.
Maximum Mach nomber the algorithm can

caleulate: Mo =

Table 1: Maximum Mach number using different

values of appras-

DK S solver taximum dach number
Athres = 0.1 8.4
ergs = D.H 13.2
ﬂ'mrgs = D.S 14.D
ﬂrhrgs = D.B 14.5

ICCFD2 - JAPAT
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HYBRID RECONSTRUCTION

Algorithm of robustness-enhanced high-order FV scheme
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NUMERICAL RESULTS

Shu-Osher problem
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» density distribution at t = 1.8

« cell size Ax = 1/40
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NUMERICAL RESULTS

Configuration 3

 density distribution at t = 0.6
« cell size Ax = 1/500

(m’} L-F, WENC-AD (n} L-F, Hybrid

Hybrnid reconstruction keeps high resolution.
1CCFDH 2 - JAPAD 19



NUMERICAL RESULTS

Hurricane-like problem

-l 5 n s | A 415 n ns |
T T

(0} OKS, WENC-AC, Ma 2.0 (p} GKS, Hybrid, Ma 16.0

-l d5 n s | A 415 n ns |
T T

(q} L-F, WENO-AD, Ma 1.4 (r} L-F, Hybrid, Ma 7.0

Table 2: Hurricane-like problem: Maximum

b ach number using different reconstruction
methods

OKS solver tdaximum i ach
WEMNCH-AD 20
Hybrid 160

LF =olver tlaximum i ach
WEMNCH-AD 14
Hybrid 70

DF can significantly improve algorithm’s robustness.

1CCFDN 2 - JAFPAD
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NUMERICAL RESULTS

DF distribution

Figure 3: DF distribution at time step 15, 30, 45 (from left to right). GKS solver is used.

DF performs well in capturing discontinuity.

ICCFO 2 - JAFAN 21



NUMERICAL RESULTS

High-mach number astrophysical jet

‘i V 0.5 1 1 ‘5 2 0 02 04 06 08 1

Figure 4; Density distribution { non-linear function of ¢ = log ()} Left: Mach 80, Right: Mach 20000,
L-F solver is used.

Approaching positivity-preserving scheme.

ICCFD 12 - JAPAN 22



SUMMARY & FUTURE WORK

Summary

* The DF-based reconstruction 1s robust for hypersonic flow

* The DF-based reconstruction keeps high reselution compared to
classical WENO method

* The DF-based reconstruction works with multiple schemes(like GKS,
Lax-Friedrichs, etc.)

Future work

+ More efficient and robust DF-based scheme will be conducted based on

compact GKS/DG on unstructured meshes.

ICCFD L2 - TAPAN 23
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