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1. Introduction

1. Introduction

7/2/2024 Spatial resolution for DNS of compressible turbulence4

The spatial resolution of DNS need to be fine enough to cover the minimum scale of
fluid structure.

For the incompressible turbulence, the average Kolmogorov scale 𝜂௔௩௚ ൌ

𝜈 ଷ/ 𝜈 డ௨೔
డ௫ೕ

డ௨೔
డ௫ೕ

ଵ/ସ

is considered as the minimum scale[1].

For the compressible turbulence, studies[2] usually consider:
• Minimum scale → the average Kolmogorov scale
• Spatial resolution criterion:

𝜂𝑘௠௔௫ ൐ 1.5
௞೘ೌೣୀ

ഏ
౴ೣ ఎ

௱௫
൐ 0.5

𝑘௠௔௫ : the largest wavenumber Δ𝑥: the grid length

[1] Pope 2000 Turbulent Flows
[2] Samtaney et al. PoF 2001, Petersen & Livescu PoF 2010, Wang et al. 2012 JFM, Wang et al. PRF 2017
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1. Introduction

Sometimes, this average Kolmogorov scale is not fine enough:
Incompressible turbulence:

Cases with strong intermittency require a more stringent requirement:

𝑘௠௔௫𝜂௠௜௡ ൐ 1

with 𝜂௠௜௡ the minimum local Kolmogorov scale[1].

7/2/2024 Spatial resolution for DNS of compressible turbulence5

[1] Meneveau & Sreenivasan JFM 1991, Sreenivasan FTaC 2004, Yakhot & Sreenivasan J. Stat. Phys. 2005, 
Watanabe & Gotoh JFM 2007

1. Introduction

Sometimes, this average Kolmogorov scale is not fine enough:
Compressible turbulence: 

A non-convergence of velocity gradient skewness and p.d.f of dilatation is observed 
in current numerical studies using this classical criterion.

Example[1]:

7/2/2024 Spatial resolution for DNS of compressible turbulence6

[1] Wang et al. JFM 2012

Simulation parameters and resulting flow statistics. [1]

The p.d.f.s of the normalized dilatation at
three grid resolutions[1]

Analysis on these anomalies[1]:
• Due to the regions of strong shocklets that are not directly resolved.
• May not influence the global quantity, as the conservation laws across the shocks are still exactly satisfied.
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1. Introduction

A thorough understanding of energy transfer in compressible turbulence may require
a study on skewness, 2nd and 3rd order moments of velocity gradient etc. [1]

• 2nd order: energy related quantities(such as enstrophy 𝜔ଶ )
• 3rd order: transfer related quantities(such as vortex stretching 𝜔௜𝑆௜௝𝜔௝ )

Consequently, these values need to be accurately calculated, while the classical
spatial resolution criterion can not give convergent result.

Thus, for compressible turbulence
• What is the minimum scale?
• What is the spatial resolution requirement for the DNS?

7/2/2024 Spatial resolution for DNS of compressible turbulence7

[1] Tsinober 2009 An Informal Conceptual Introduction to Turbulence, Fang et al. PLA 2015, Liu, Fang & Shao Chin. 
Physics B 2020,  Buaria, Pumir & Bodenschatz PRF 2020, Yang et al. JFM 2022

2. Characteristic scales of 
shock wave in Burgers 

turbulence
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𝑢 ൌ െ
1
2
𝑉 tanh

𝑉
4𝜈

𝑥                       𝑢 ൌ െ
1
2
𝑉 tanh

𝑥

2𝑑௦

2.1 Burgers equation

• Why study shock? Because the anomalies come from the shocklet region.

• Good tool to study shock wave:

Burgers equation[1]:  
డ௨

డ௧
൅ 𝑢

డ௨

డ௫
െ 𝜈

డమ௨

డ௫మ
ൌ 0

Stable shock solution

7/2/2024 Spatial resolution for DNS of compressible turbulence9

𝑢ሺ𝑥ሻ of stable shock solution
[1] Burgers Trans. Roy. Neth. Acad. Sci. Amsterdam 1939 [2] Benton & Platzman Q. Appl. Math 1972

Characteristic scale[2]:
𝑑௦ ൌ 2 2𝜈/𝑉

𝑉: velocity jump

2.2 Burgers turbulence

• In Burgers turbulence, how to get this characteristic scale? 

7/2/2024 Spatial resolution for DNS of compressible turbulence10

Characteristic scale: 𝑑௦ ൌ െ2 2𝜈/Δ𝑈୫୧୬,ଵ௦௧

• In Burgers turbulence, shocks all give negative velocity increment.

• Unable to locate where the minimum scale is.
• Unable to show the scales of other shocks!

𝑢ሺ𝑥ሻ of Burgers turbulence

Measure the maximum velocity jump across shock!

Stable shock solution for Burgers equation: characteristic scale 𝑑௦ ൌ 2 2𝜈/𝑉

Δ𝑈 𝑟 ൌ min
௫∈ℝ

𝑢 𝑥 ൅ 𝑟 െ 𝑢 𝑥 , 𝑟 ൐ 0 Measure the negative 
velocity jump

First local minimum of Δ𝑈୫୧୬,ଵ௦௧
Measure the maximum  velocity 

jump across one shock!

Weakness: 

𝑑௦ ൌ 8.66 ൈ 10ିଷ

Δ𝑈 𝑟
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2.1 Burgers equation

• Burgers equation:  
డ௨

డ௧
൅ 𝑢

డ௨

డ௫
െ 𝜈

డమ௨

డ௫మ
ൌ 0

Stable shock solution

𝑢ሺ𝑥ሻ ൌ െ
ଵ

ଶ
𝑉 tanh

௫

ଶௗೞ
, 𝑑௦ ൌ

ଶ ଶఔ

௏
⟹ 𝜃ሺ𝑥ሻ ൌ

ୢ௨

ୢ௫
ൌ െ

ఔ

ௗೞ
మ 1 െ tanhଶ

௫

ଶௗೞ

7/2/2024 Spatial resolution for DNS of compressible turbulence11

𝑢ሺ𝑥ሻ of stable shock solution 𝜃ሺ𝑥ሻ of stable shock solution

Local characteristic scale: 

𝒅𝒔,𝐥𝐨𝐜𝐚𝐥 𝒙 ൌ
𝝂

𝜽 𝒙

The local minimum is a shock. 

2.2 Burgers turbulence

7/2/2024 Spatial resolution for DNS of compressible turbulence12

Local characteristic scale: 𝑑௦,୪୭ୡୟ୪ 𝑥 ൌ 𝜈/ 𝜃 𝑥
Characteristic shock scale: 𝑑௦ ൌ min

௫
𝑑௦,୪୭ୡୟ୪ ሺ𝑥ሻ

Method
For the example in left figure 

(numerical results)

By velocity increment
𝑑௦ ൌ െ2 2𝜈/Δ𝑈୫୧୬,ଵ௦௧

8.66ൈ 10ିଷ

By local scale
𝑑௦ ൌ min

௫
𝑑௦,୪୭ୡୟ୪ ሺ𝑥ሻ

8.27ൈ 10ିଷ

𝑢ሺ𝑥ሻ

𝑑௦,୪୭ୡୟ୪ 𝑥

• Of same magnitude
• Smaller for the one obtained by local scale 

The minimum scale of Burgers turbulence is 𝑑௦ ൌ min
௫

𝜈/ 𝜃 𝑥 .
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2.3 Spatial resolution requirement

• Discretization influence:
• The calculation of minimum scale → 2.3.1
• The calculation of skewness, 2nd and 3rd moments of velocity gradient. → 2.3.2

• Besides, the level of influence depends on the discretization method.
• The 2nd order central difference.
• The 6th order central difference.

7/2/2024 Spatial resolution for DNS of compressible turbulence13

Theoretical solution
𝑢ሺ𝑥ሻ

Discretized solution
𝑢௡ 𝜙 ൌ 𝑢ሾ 𝑛 ൅ 𝜙 Δ𝑥ሿ

(General expression of) central difference 

𝜃௡,୬୳୫ 𝜙 ൌ
∑ 𝑎௠𝑢௡ା௠ 𝜙ே
௠ୀିே

Δ𝑥

Example: 2nd order central difference:

𝜃௡,ଶ୬ୢ 𝜙 ൌ
1
2
𝑢௡ାଵ 𝜙 െ

1
2
𝑢௡ିଵ 𝜙

𝜙: calculation phase, 

random, 𝜙 ∈ ሾെ
ଵ

ଶ
,
ଵ

ଶ
ሻ

2.3.1 Influence on minimum scale

• Stable shock solution: 𝑢 𝑥 ൌ െଵ

ଶ
𝑉 tanh ௫

ଶௗೞ
.

• Theoretical: 𝑑௦
• Numerical: 

• The numerical maximum velocity gradient: |𝜃|௠௔௫,୬୳୫ 𝜙 ൌ
ି∑ ௔೘௨೘ థಿ

೘సషಿ

୼௫
, ሺ𝑖. 𝑒.𝑛 ൌ 0ሻ

• The numerical shock scale: 𝑑௦,୬୳୫ 𝜙 ൌ
ௗೞ୼௫

ଶ ∑ ௔೘ ୲ୟ୬୦ థ୼௫ ଶௗೞ⁄   ಿ
೘సషಿ

• The numerical resolution ratio: 𝜁୬୳୫ 𝜙 ൌ
఍

ଶ ∑ ௔೘ ୲ୟ୬୦ థ ଶ఍⁄   ಿ
೘సషಿ

• The relation between numerical and true(theoretical) minimum scale:

𝑑௦
𝑑௦,୬୳୫

𝜙 ൌ
𝜁

𝜁୬୳୫
𝜙 ൌ 2𝜁෍ 𝑎௠ tanh 𝜙 2𝜁⁄

ே

௠ୀିே

7/2/2024 Spatial resolution for DNS of compressible turbulence14

What matters is the ratio!  
𝜁 ൌ 𝑑௦/Δ𝑥

𝑢ሺ𝑥ሻ
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2.3.1 Influence on minimum scale

7/2/2024 Spatial resolution for DNS of compressible turbulence15

• Stable shock solution: 𝑢 𝑥 ൌ െଵ

ଶ
𝑉 tanh ௫

ଶௗೞ
.

𝜁/
𝜁 ୬
୳
୫

𝜁୬୳୫

𝜁

The relation between numerical and true(theoretical) 
minimum scale:

𝑑௦
𝑑௦,୬୳୫

𝜙 ൌ
𝜁

𝜁୬୳୫
𝜙 ൌ 2𝜁෍ 𝑎௠ tanh 𝜙 2𝜁⁄

ே

௠ୀିே

Example: 2nd order central difference:

𝑑௦
𝑑௦,୬୳୫

𝜙 ൌ
𝜁

𝜁୬୳୫
𝜙 ൌ

2𝜁
2

tanh
𝜙 ൅ 1

2𝜁
െ

2𝜁
2

tanh
𝜙 െ 1

2𝜁

𝜁୬୳୫ െ 𝜁/𝜁୬୳୫ plot   (Inset: 𝜁୬୳୫ െ 𝜁 plot)
for 2nd and 6th order central difference 
at different phases and average for phase(𝔼థ∼𝔘ሾି଴.ହ,଴.ହሻ

఍

఍౤౫ౣ
𝜙 ሻ

2.3.2 Influence on vel. grad. moment

• Stable shock solution: 𝑢 𝑥 ൌ െ
ଵ

ଶ
𝑉 tanh

௫

ଶௗೞ
.

A infinite solution we take the integral as the “moment”

• Theoretical:

• 2nd order moment:׬ 𝜃ଶ 𝑥 d𝑥 ൌ
ସ ଶఔమ

ଷௗೞ
య

ାஶ
ିஶ

• 3rd order moment: ׬ 𝜃ଷ 𝑥 d𝑥 ൌ െ
ଵ଺ ଶఔయ

ଵହௗೞ
ఱ

ାஶ
ିஶ

• Numerical: 

• 2nd order moment:

∑ Δ𝑥𝜃௡,୬୳୫
ଶ 𝜙ାஶ

௡ୀିஶ ൌ 2𝜁 ∑ ∑ 𝑎௠ tanh
௡ା௠ାథ

ଶ఍
ே
௠ୀିே

ଶ
ାஶ
௡ୀିஶ

ఔమ

ௗೞ
య ൌ 𝑓ଶሺ𝜁,𝜙ሻ

ఔమ

ௗೞ
య

• 3rd order moment: 

• ∑ Δ𝑥𝜃௡,୬୳୫
ଷ 𝜙ାஶ

௡ୀିஶ ൌ െ2 2𝜁 ∑ ∑ 𝑎௠ tanh
௡ା௠ାథ

ଶ఍
ே
௠ୀିே

ଷ
ାஶ
௡ୀିஶ

ఔయ

ௗೞ
ఱ ൌ െ𝑓ଷሺ𝜁,𝜙ሻ

ఔమ

ௗೞ
య

7/2/2024 Spatial resolution for DNS of compressible turbulence16

𝑢ሺ𝑥ሻ
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2.3.2 Influence on vel. grad. moment

7/2/2024 Spatial resolution for DNS of compressible turbulence17

𝜁 െ Relative error plot, Up Inset : 𝜁 െ 𝑓ଶሺ𝜁ሻ plot, Below 
inset : 𝜁 െ 𝑓ଷሺ𝜁ሻ plot
Green: 3rd order moment, Blue: 2nd order moment
Solid line: 6th order cen. diff. 
Dashed  line: 2nd order cen. diff.
Average for phase(𝜙 ∼ 𝔘ሾെ0.5,0.5ሻ)

6th order 
discretization

2nd order 
discretization

Theoretical Numerical

2nd order 
moment

4 2𝜈ଶ

3𝑑௦
ଷ

𝑓ଶሺ𝜁,𝜙ሻ
𝜈ଶ

𝑑௦
ଷ

3rd order 
moment െ

16 2𝜈ଷ

15𝑑௦
ହ െ𝑓ଷሺ𝜁,𝜙ሻ

𝜈ଶ

𝑑௦
ଷ

4 2/3

16 2/15

Min for relative 
error > 1%

2.3 Numerical criterion

• Discretization influence:
• The calculation of minimum scale → 2.3.1
• The calculation of skewness, 2nd and 3rd moments of velocity gradient. → 2.3.2

7/2/2024 Spatial resolution for DNS of compressible turbulence18

For 6th order central difference,
if we want the 2nd and 3rd order 
moment has relative error ൏ 1%:

𝜁୬୳୫ ൌ
𝑑௦,୬୳୫

Δ𝑥
≳ 1.5
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3. Extension to Navier-
Stokes turbulence

3.1 1D compressible turbulence

7/2/2024 Spatial resolution for DNS of compressible turbulence20

1. If the inlet Mach number is not so big,
the velocity profile of shock resembles a
lot to Burgers shocks.

2. Validation on the 1D compressible 
Shu-Osher shock tube problem

Relative error in the 
calculation of 2nd order and 

3rd order moment

Solution of Shu-Osher shock tube problem
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3.2 Extension to multidimensional

• Local characteristic scale: 𝑑௦,௟௢௖௔௟ 𝑥 ൌ 𝜈/ 𝜃 𝑥

• Average Kolmogorov scale: 𝜂௔௩௚ ൌ 𝜈 ଷ 𝜈 డ௨೔
డ௫ೕ

డ௨೔
డ௫ೕ

൘

ଵ/ସ

• Local Kolmogorov scale: 𝜂ሺ𝒙ሻ ൌ 𝜈ሺ𝒙ሻଶ డ௨೔
డ௫ೕ

ሺ𝒙ሻ డ௨೔
డ௫ೕ

ሺ𝒙ሻൗ
ଵ/ସ

• In incompressible， 𝜂ሺ𝑥ሻ ൌ 𝜈ሺ𝑥ሻ/ 𝝎ሺ𝑥ሻ

• In 1D compressible， 𝜂ሺ𝑥ሻ ൌ 𝜈ሺ𝑥ሻ/ 𝜃ሺ𝑥ሻ

• In 2D&3D compressible， 𝜂ሺ𝑥ሻ ൌ 𝜈ሺ𝑥ሻ/ 𝝎ଶ 𝑥 ൅ 𝜃ଶሺ𝑥ሻ

• Conclusion: Local Kolmogorov scale is a scale including both vortex magnitude 
and shock magnitude.

7/2/2024 Spatial resolution for DNS of compressible turbulence21

3.2 Extension to multidimensional

7/2/2024 Spatial resolution for DNS of compressible turbulence22

What is the relation between local Kolmogorov scale and the local shock scale?

We do the simulation of a 2D compressible flow.
• Resolution: 8192ଶ

• Other detail configuration: presented later, cf. slide P26 (case 1)

Calculate:
• The p.d.f. of 𝜃 and 𝜔 ൌ 𝝎
• The p.d.f. of local Kolmogorov 

scale 𝜂, vortex characteristic scale 

𝜈ሺ𝑥ሻ/ 𝝎ሺ𝑥ሻ and shock 

characteristic scale 𝜈ሺ𝑥ሻ/ 𝜃ሺ𝑥ሻ

The flow field of a fully developed compressible turbulence

Ma௧ ൌ 0.35
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3.2 Extension to multidimensional

7/2/2024 Spatial resolution for DNS of compressible turbulence23

p.d.f. of 𝜃 and 𝜔 ൌ 𝝎 p.d.f. of 𝜂, 𝜈ሺ𝑥ሻ/ 𝝎ሺ𝑥ሻ and 𝜈ሺ𝑥ሻ/ 𝜃ሺ𝑥ሻ

𝜂௔௩௚

𝜃 has much larger extreme value than 𝜔. Consequently,
the shock has smaller structure than the vortex.

The minimum of local shock scale is smaller than the
local vortex scale. In small scales, the local Kolmogorov
scale coincide with the local shock scale.

What is the relation between local Kolmogorov scale and the local shock scale?

3.2 Extension to multidimensional

7/2/2024 Spatial resolution for DNS of compressible turbulence24

• Conclusion: The minimum scale of turbulence should be the minimum scale
of local Kolmogorov scale. In compressible turbulence, it is determined by the
strongest shock.

• In 1D shock tube study, the criterion is 𝑑௦/Δ𝑥 ൒ 1.5.

• Consequently, in compressible turbulence, the criterion of numerical
resolution is 𝜼𝒎𝒊𝒏/𝜟𝒙 ൒ 𝟏.𝟓

What is the relation between local Kolmogorov scale and the local shock scale?
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3.3 Validation of numerical criterion

• Solver: an open-source solver ASTR[1], which uses 6th order compact method for 
convection term, no shock capturing used, no forcing(freely decaying)

7/2/2024 Spatial resolution for DNS of compressible turbulence25

8192ଶ

Incompressible 
initial flow

8192ଶ

Fully developed
Compressible

8192ଶ

Flow field

4096ଶ

Flow field

2048ଶ

Flow field

1024ଶ

Flow field

Case Pre
High Mach

freely decaying, T=6.5𝜏
Case 1

Case 2

Case 3

Case 4

[1]https://github.com/astr-code/astr

averageInitial energy spectrum: 
𝐸 𝑘 ൌ 𝐴𝑘ସ expሺ2𝑘ଶ/𝑘଴

ଶሻ
𝑘଴ ൌ 25

Case Pre

Case 1-4Initial development 
of dilation

At the end of 
study:

Ma௧ ൌ 0.35

3.3 Validation of numerical criterion 

7/2/2024 Spatial resolution for DNS of compressible turbulence26

Case 1
Case 2

Case 3
Case 4

Evolution of 𝜂௔௩௚ and 𝜂௠௜௡ for cases 1-4
Solid line: 𝜂௠௜௡ Dashed line: 𝜂௔௩௚

Case Resolution
𝜂୫୧୬/Δ𝑥
൒ 1.5
（New）

𝜂ୟ୴୥/Δ𝑥
൒ 1.5

（Classical）
1 𝟖𝟏𝟗𝟐𝟐 √ √

2 𝟒𝟎𝟗𝟔𝟐 √ √

3 𝟐𝟎𝟒𝟖𝟐 × √

4 𝟏𝟎𝟐𝟒𝟐 × ×
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3.3 Validation of numerical criterion

7/2/2024 Spatial resolution for DNS of compressible turbulence27

Error all > 
1%

Error of 
𝜃ଷ , 𝒮
>1%

Error all 
<1%

𝜌𝑢ଶ 𝜔ଶ 𝜃ଶ

𝜔ଶ𝜃 𝜃ଷ 𝒮

Evolution of physical quantities for cases 1-4
Inset: relative error of cases 2-4 by taking case 1 

as reference  

Case
Resolu-

tion

𝜂୫୧୬/Δ𝑥
൒ 1.5

(New)

𝜂ୟ୴୥/Δ𝑥
൒ 1.5

(Classical)

1 𝟖𝟏𝟗𝟐𝟐 √ √

2 𝟒𝟎𝟗𝟔𝟐 √ √

3 𝟐𝟎𝟒𝟖𝟐 × √

4 𝟏𝟎𝟐𝟒𝟐 × ×

• Our new criterion guaranties a good
resolution of 3rd order velocity gradient
moment.

• The classical criterion remains useful if we
only calculate the 2nd order velocity gradient
moments.

4. Conclusion
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4. Conclusion

• Local Kolmogorov scale: 𝜂ሺ𝒙ሻ ൌ
ఔሺ𝒙ሻమ

ങೠ೔
ങೣೕ

ሺ𝒙ሻ
ങೠ೔
ങೣೕ

ሺ𝒙ሻ

ଵ/ସ

• The minimum scale of turbulence should be the minimum scale of
local Kolmogorov scale. In compressible turbulence, it is determined
by the strongest shock.

• A numerical criterion for the good resolution of 3rd order velocity
gradient moment: 𝜂୫୧୬/Δ𝑥 ൒ 1.5.

• The classical criterion remains useful if we only calculate the 2nd order
velocity gradient moments.

7/2/2024 Spatial resolution for DNS of compressible turbulence29

Thanks a lot!
Determining the spatial resolution in direct numerical simulations of 

compressible turbulence by using Burgers equation
Chensheng Luo, Le Fang, Jieying Hong

Beihang University


