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1 Introduction

Data-driven modelling — in the context of RANS turbulence closures — is a class of methods for taking
experimental, LES, or DNS data from a set of training flows, and producing a new RANS closure that
performs accurately on these and similar flows. Generally a traditional 1-eqn or 2-eqn model is chosen
as a baseline, and one or more terms are modified as a function of local, resolved flow features. In these
methods, the terms corrected vary, as does the function representation, which may be a neural network,
a random-forest, or a symbolic expression [1]. These varied approaches tend to show essentially similar
performance: the resulting closure models are able to reproduce the training flows and similar flows
better than the baseline model, but the corrections do not generalize well. Nonetheless these approaches
can be valuable, e.g. for shape optimization [2], or as cheap surrogates for LES [3].

The goal of building general-purpose closures however remains. Simply extending the training set
to include a large and diverse set of flows, has had disappointing results [4]. Most current work in this
direction uses some form of blending multiple models, each trained on some relatively simple flow, and
activated under conditions similar to the training conditions [5, 6].

2 Problem Statement

The central issue that limits generalizability may be related to what is being learnt from the data. The
data — e.g. a DNS of a specific flow — necessarily contains correlations (between the mean-state and
the required correction) that are caused by the geometry and inflow conditions, in addition to those
of the turbulence physics itself. It is only the latter that are relevant for our closure model, but these
multiple causes are not straight-forward to separate. The most basic tool of causal inference is to perform
experiments varying one cause at a time; yet it is not meaningful to vary the geometry of a flow without
also varying the turbulence. Another approach is to exploit invariants, notably Galilean invariance and
frame-invariance, yet these are already fully exploited in existing data-driven models. As such we ask:
How can we separate the causes in our datasets?

3 Approach and Findings

Our approach follows Arjovsky et al. [7] who introduced Invariant Risk Minimization (IRM). The idea
is: given data from multiple training “environments” e € Eyain (in our case representing multiple flows
with LES data), to separate invariants ®(-), from spurious correlations by seeking a correction model
f(®) which is simultaneously optimal in each training flow given ®. In particular we solve the bi-level
optimization problem:

min ly® = f o ®(w")|? (1)
;e e’ €Erai
st. f=argmin|y® — f o ®(w®)|?, Ve € Erain, (2)
f/

where w represents the local flow-state (mean velocity-gradients, T.K.E., etc.), and y is the necessary
correction — originating from the frozen approach [1]. For ® to be a solution of the above system, there
must exist an f which is simultaneously optimal for all training flows.

We do not make a linear simplification of this problem, as in [7], rather we solve the bi-level op-
timization directly. First we reduce the search space by using symbolic regression with complexity
constraints. A multi-objective genetic programming method (NSGA-IT) with gradient information for
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constant optimization is used to address (2), in which the Pareto front is used to assess the consistency
of f.

We apply the method first to some simple fundamental testcases with well-understood invariances.

We demonstrate the ability of the procedure to recover tensor-invariants from tensor-component features;
and the ability to recover turbulence models with Galilean- and rotational invariance. Finally the method
is applied to the question of RANS modelling of separated flows. We consider a number of separated flows
with varying geometries but identical topologies, and present a feature showing substantial invariance
across these flows.
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