
[11-D-04]

Keywords:

©Retained by Authors 

 ICCFD12 

Oral presentation | Incompressible/compressible/hypersonic flow

Incompressible/compressible/hypersonic flow-IV 
Thu. Jul 18, 2024 2:00 PM - 4:00 PM  Room D

 
Assessment of a Consistent Multi-temperature Kinetic
Model for Hypersonic Neutral Air Flows using a High-order-
accurate Finite Volume Solver 

*Giuseppe Pascazio1, Davide Ninni1, Antonio Narracci1,3, Gianpiero Colonna2, Francesco Bonelli1 （1.
Politecnico di Bari, 2. Istituto per la Scienza e Tecnologia dei Plasmi, 3. Università del Salento）

Hypersonic flow, Thermochemical non-equilibrium, Reduced kinetic model 



 ICCFD12

Twelfth International Conference on
Computational Fluid Dynamics (ICCFD12),
Kobe, Japan, July 14-19, 2024

Assessment of a Consistent Multi-temperature Kinetic
Model for Hypersonic Neutral Air Flows using a

High-order-accurate Finite Volume Solver
G. Pascazio∗, D. Ninni∗, A. Narracci∗,∗∗∗, G. Colonna∗∗, and F. Bonelli∗

Corresponding author: giuseppe.pascazio@poliba.it
∗ Politecnico di Bari, via Re David 200, 70125 Bari, Italy

∗∗ Istituto per la Scienza e Tecnologia dei Plasmi, Via Amendola, 122/D, 70126 Bari,
Italy

∗∗∗ Università del Salento, Centro Ecotekne - S.P. 6, Lecce - Monteroni, Lecce, Italy

Abstract:
A multi-temperature approach for hypersonic air kinetics has been consistently derived from the
state-specific vibrational kinetics. Vibrational levels have been grouped in a limited number of
subsets (one to three), each one characterized by its own concentration and temperature, approx-
imating the entire distribution as a piecewise Boltzmann. The reduced model has been tested in
0D evolution comparing with the state-to-state approach. The model has been implemented in a
finite volume solver of the Euler equations, employing a Flux Vector Splitting scheme with either
MUSCL or hybrid WENO/central-difference reconstruction, used to solve an axial-symmetric flow
past a sphere.
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1 Introduction
Nowadays, space exploration is encountering a renewed interest in the academic aerospace community
in virtue of relevant investments by the industrial private sector as well as by space agencies. Costs and
success of a space mission depend on several scientific and technological aspects that are the subjects
of intense research and development activities. In this context, a critical issue is represented by the
accurate characterization of the complex aerothermodynamic environment around a vehicle entering
planetary atmospheres. In particular, the accurate evaluation of the extremely high heat load on the
vehicle surface during its atmospheric entry is necessary in the view of an appropriate design of the
vehicle thermal protection system. In fact, considering the continuum regime of the atmospheric entry,
the flow past the vehicle is characterized by extremely high values of the velocity (of the order of 10
km/s), leading to the formation of a strong bow shock in front of the body [1, 2]. Across the bow
shock enveloping the vehicle the huge kinetic energy of the flow is converted into internal energy with
translational temperature reaching very high values (of the order of 10000 K), causing dissociation and
ionization and progressively exciting vibrational and electronic states [3]. A plethora of phenomena
arise: vibrational and electronic modes are excited, dissociation and ionization occur, as well, and free
electrons absorb radio waves causing communication blackout. In this scenario, local thermodynamic and
chemical equilibrium hypotheses are no longer valid [3]. Indeed, just downstream of the bow shock the
fluid dynamic characteristic time is of the same order as internal energy transfer and chemical processes,
thus the flow is in thermochemical non-equilibrium. Close to the vehicle surface, the translational
temperature decreases to reach the wall value, forming a thermal boundary layer. Here, due to the large
gradients, the flow meets non-equilibrium conditions again [4, 5, 6, 7], along with surface interaction
phenomena, such as catalysis [4, 8], and ablation [9, 10].

With the aim of developing strategies and models to accurately reproduce hypersonic flight conditions,
several approaches have been devised to properly account for thermal and chemical non-equilibrium. One
of the most popular approaches is the multitemperature model proposed by Park [11], considering each
energy mode associated to different temperatures, namely translational (tr), rotational (rot), vibrational
(vib), and electronic (el). Normally, the first two are assumed to be at equilibrium (Ttr = Trot = Tgas),
whereas vibrational and electronic modes are usually considered at equilibrium at a different vibrational
temperature (Tvib = Tel). This approach, known as two-temperature model [11, 12], is then closed
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by assuming a Boltzmann distribution to describe the internal state population for the energy levels,
the exchange between energy modes being modelled using the cheap Landau-Teller approach with a
relaxation time tuned on experiments. This results in a relatively cheap and easy to implement model
and is being extensively employed to simulate hypersonic flows [13, 14, 15, 16, 4, 17, 18]. On the other
hand, recent studies have shown that the use of a fundamental molecular kinetics has an important impact
on the prediction of macroscopic properties of high-enthalpy flows [19]. In fact, the distribution for the
vibrational mode often differs from the Boltzmann one, resulting in large deviations of the rate coefficients
of chemical processes from the Arrhenius law [20] and thus providing non satisfactory predictions under
certain conditions, such as boundary layer [21, 22, 23] and across shock waves [24, 25, 19, 26]. To overcome
this problem, a more fundamental molecular kinetics model must be employed, such as the vibrationally
resolved state-to-state (StS) approach. The StS approach, treating all the vibrational levels of molecules
as a separate species, evolving according to internal relaxation and chemical processes [20, 27], is able to
evaluate internal distributions without any assumption [28]. The increased accuracy of such an approach
comes however with a relevant increase of the computational cost, due to the large number of species
and processes involved with respect to the multi-temperature approach, thus preventing the applications
of StS models in the cases of 2D and 3D configurations. As an example, a macroscopic model describes
a neutral air mixture by considering five species (N2, O2, NO, N, O), 17 reactions and three vibrational
temperatures, whereas a vibrationally resolved StS approach requires hundreds of species and thousands
of processes. For this reason, the application of the StS model has been usually limited to simple
0D/1D configurations [5, 6, 29, 30], with few 2D/3D exceptions [31, 19, 8, 26, 32, 33]. However, with the
availability of StS data, an effective way to reduce the computational cost while maintaining the accuracy
of the detailed model is to employ consistent reduced order models. Following this idea, several authors
have proposed reduced models built using StS data [34, 35, 36]. Indeed, a generic vibrational resolved
StS distribution [19] seems to show a piecewise equilibrium behaviour. Thus, it is possible to reduce
the number of vibrational levels by clustering them into N groups, each characterized by a Boltzmann
distribution at its own vibrational temperature. Energy exchange and dissociation/recombination rates
are computed self-consistently, from the rate coefficients of the full vibrationally resolved StS database.
Such a multi-internal-temperature approach, recently developed in the literature (Guy et al. [37] and
Munafò et al. [38]) is extended here to a five species neutral air mixture. The new consistent multi-
temperature model, referred to in the following as mT, is implemented in a finite volume flow solver of
the Euler equations using a Flux Vector Splitting scheme with MUSCL reconstruction. In order to extend
the code capabilities to solve flows involving both shock waves and turbulence, a hybrid WENO/central-
difference scheme is also implemented [39]. In particular, a fifth-order WENO scheme [40] is used in
conjunction with a sixth-order central scheme with a shock sensor that limits the use of the shock
capturing scheme to region of strong gradients. The resulting method, already verified by the authors in
one-dimensional thermochemical non equilibrium test cases [41], is a unique tool in the present scene.

The manuscript is organized as follows: in section 2, the governing equations for a reacting mixture
in thermochemical non-equilibrium are illustrated, together with the numerical and computational ap-
proaches employed; section 3 describes the thermochemical non-equilibrium models; lastly, numerical
results are discussed in section 4, whereas conclusive remarks are drawn in section 5.

2 Fluid dynamic model

2.1 Governing Equations
The simulation of hypersonic flows in the continuum regime is carried out by solving the Euler equations
for a reactive multicomponent mixture. In integral form, the governing equations read∫

V0

∂

∂t
UdV +

∮
S0

F · ndS =

∫
V0

WdV (1)

where V0 and S0 indicate the generic control volume and surface, respectively. U is the vector of
conservative variables, whereas F and W are fluxes and source terms. Such vectors assume different
forms depending on the thermochemical model employed, either mT or StS. For 2D axis-symmetric flows
F = (Fx,Fy), x and y indicating the axial and radial coordinates, respectively, and for the case of neutral
air mixture discussed in this manuscript, the vectors read:
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U =



ρ1,1
...

ρ1,v1
...

ρNs,vNs

ρ u
ρ v
ρE

ρm,1 εm,1

...
ρm,vm

εm,vm

...
ρNm,vNm

εNm,vNm


︸ ︷︷ ︸

mT model

U =



ρ1,1
...

ρ1,V1

...
ρNs,VNs

ρ u
ρ v
ρE


︸ ︷︷ ︸

StS model

(2a)

(2b)

Fx =



ρ1,1u
...

ρ1,v1 u
...

ρNs,vNs
u

ρu2 + p
ρ u v

(ρE + p)u
ρm,1 εm,1 u

...
ρm,vm εm,vm u

...
ρNm,vNm

εNm,vNm
u



Fy =



ρ1,1 v
...

ρ1,v1 v
...

ρNs,vNs
v

ρ u v
ρ v2 + p

(ρE + p) v
ρm,1 εm,1 v

...
ρm,vm εm,vm v

...
ρNm,vNm

εNm,vNm
v


︸ ︷︷ ︸

mT model

(2c)

Fx =



ρ1,1 u
...

ρ1,V1
u

...
ρNs,VNs

u
ρu2 + p
ρ u v

(ρE + p)u


Fy =



ρ1,1 v
...

ρ1,V1
v

...
ρNs,VNs

v
ρ u v

ρ v2 + p
(ρE + p) v


︸ ︷︷ ︸

StS model

(2d)
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W =



ω̇1,1

...
ω̇1,vNs

0
ω̇Ns,vNs

0
ω̇ax

0

Ω̇m,1

...
Ω̇m,vm

...
Ω̇Nm,vNm


︸ ︷︷ ︸

mT model

W =



ω̇1,1

...
ω̇1,VNs

...
ω̇Ns,VNs

0
ω̇ax

0


︸ ︷︷ ︸

StS model

(2e)

The number of species is Ns = 5 for both the mT and the StS model (N2, O2, NO, N, O). Indeed,
in the vibrationally resolved StS approach, each level is considered as a pseudo-species, thus the generic
species s is characterized by a vibrational energy quantized by Vs vibrational states, likewise the partial
densities of each level. Hence, subscripts s and l indicate the s-th species and the l-th vibrational state
(VN2

= 68, VO2
= 47 and VNO = VN = VO = 1). For the proposed mT model, the vibrational energy

distributions of molecules N2 and O2 are described by a group of Boltzmann functions each one with
its own vibrational temperature. The number of groups is indicated with vm for the generic molecule
m, with the exception of NO (vNO = vN = vO = 1), allowing one to maintain for the species the
same nomenclature as the StS model substituting Vs with vs. Therefore, ρs =

∑
l ρs,l and ρ =

∑
s ρs

give the density of the s-th species and the fluid density, respectively. The number of groups in the
mT model affects the accuracy of the reduced model; in the applications presented in this work groups
equal to 3 provide accurate results. Flow velocity components in the axial, x, and radial, y, directions
are given by u and v, respectively, whereas p is the thermodynamic pressure. E and ε represent the
specific total and vibrational energies, being rotational state at equilibrium at T . Concerning the source
terms, ω̇ax =

p−σθ,θ

y is considered to account for the axial symmetry of the body, being θ the tangential
coordinate in the cylindrical reference system. Of course, this term is null for planar geometries.

In order to close the system of governing equations, the perfect gas [42] assumption is employed to
link p and E:

p = (γ̄ − 1)

[
ρE − ρ (εvib + εform)− ρ

u2 + v2

2

]
. (3)

Expression of εvib depends on the employed thermochemical model, as illustrated in section 3, whereas
εform is the formation energy, given by

εform = 1/ρ

Ns∑
s=1

ρsh
f
s , (4)

where hf
s is the specific formation enthalpy of the component s. γ̄ is the specific heats ratio of the gas

mixture

γ̄ =
c̄p
c̄v

=
α

α− 1
. (5)

where c̄p and c̄v are the constant pressure and constant volume specific heats. The overbar indicates
that these quantities refer to the roto-translational mode of energy, hence it holds

c̄p = αR c̄v = c̄p −R = R(α− 1) (6)

where R is the specific gas constant and α is given by

α =
∑
s

χsαs (7)
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where χs is the molar fraction of the species s and αs is equal to 5/2 for monoatomic and 7/2 for diatomic
components, respectively.

2.2 Numerical method
The system of equations (1) is solved by employing a cell-centered finite volume approach on a structured
mesh. In order to cope with the stiffness of source terms, an operating splitting approach separating fluid
dynamics from chemical kinetics is employed. In such an approach the system of equations (1) without
source terms is first solved (frozen-step); then, conservative variables obtained from the frozen-step are
updated solving a system of chemical equations including source terms but without fluid dynamic fluxes
(chemical-step). In such a way it is possible to apply the best algorithm for the two different problems.

Specifically, inviscid fluxes discretization is performed employing two different schemes. On one hand,
the flux vector splitting scheme of Steger and Warming [43] is used, with a second order accurate MUSCL
reconstruction of primitive variables and a flux limiter to obtain a TVD (total variation diminishing)
scheme [44]. Recently, in order to extend the code to accurately solve supersonic/hypersonic turbulent
flow problems, the authors implemented a hybrid WENO/central-difference scheme [41], in virtue of
its capability to deal with problems involving shocks and turbulence interacting dynamically [45]. In
the present implementation, the popular fifth-order accurate WENO reconstruction is used following a
characteristic-wise finite volume method [40]. Then, to reduce numerical dissipation, the WENO scheme
is hybridized with a numerical flux built from a sixth order central scheme (CD6). The hybrid approach
switches from CD6 to WENO when a shock sensor (χ) [39] is larger than a threshold (χL).

The method of lines is employed to separate time integration from space discretization [46], thus
using an explicit third order Runge-Kutta algorithm to advance the solution in time [47].

On the other hand, an implicit Gauss-Seidel scheme, with a fixed number of inner iterations, is used
to solve the chemical-step. In general a sub-time step that is a fraction of the fluid dynamic time step
can be considered. Such an approach is suitable for reactive flows [48] and the performances provide
same results of a fully implicit scheme [26, 32]. More details are given in Refs. [49, 28, 50].

The solver is written using a MPI-CUDA protocol in order to run simulations on both CPU or GPU
clusters [50].

3 Physical Models

3.1 State-to-State model
Instead of assuming a Boltzmann distribution for the internal states as done in classical multi-temperature
models, a more sophisticated physically based approach must be devised to better describe the distri-
bution of all vibrational states of the mixture. The State-to-State approach for a neutral air mixture
accounts for all the vibrational levels of N2 (68) and O2 (47), whereas only the ground state is considered
for NO, N and O for a total of 118 pseudo-species and, consequently, the set of kinetics mechanisms is
huge (more than 10000 processes).

The elementary processes contributing to the vibrational relaxation are classified as: vibration-
vibration (VV) and vibration-translation by molecules (VTm) and by atoms (VTa) energy transfer,
together with dissociation-recombination by molecules (DRm) and by atoms (DRa) and other chemical
reactions. Indicating with A and B generic elements, the generic set of processes can be summarized as
follows:

• Vibration-Vibration (VV): A2(v) + B2(w) ↔ A2(v − 1) + B2(w + 1)

• Vibration-Translation by molecules (VTm): A2(v) + B2 ↔ A2(v − 1) + B2

• Vibration-Translation by atoms (VTa): A2(v) + B ↔ A2(w) + B

• Dissociation-Recombination by molecules (DRm): A2(v) + B2 ↔ 2A + B2

• Dissociation-Recombination by atoms (DRa): A2(v) + B ↔ 2A + B

being v and w the vibrational quantum numbers. Differently from the mT model, transport equations
for the vibrational energy are not needed, as each level is qualified by its own energy εs,l calculated by
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means of the anharmonic oscillator expression [51, 52]. The total vibrational energy per unit mass is
defined as follows:

εvib =
1

ρ

Ns∑
s=1

Vs∑
l=1

ρs,lεs,l (8)

Moreover, for non–equilibrium distributions, the vibrational temperature loses its meaning. Neverthe-
less, low energy levels approximately follow a Boltzmann distribution, thus providing the vibrational
temperature (from the first two levels) as:

Tv,m =
εm,2 − εm,1

Rmln
(

ρm,1

ρm,2

) (9)

3.2 Consistent multi-internal-temperature model
The consistent multi-internal-temperature model stems from the observation that the shape of the vibra-
tional energy distribution can be approximated by vm Boltzmann groups. Starting from this assumption,
a transport equation is written for the mass and vibrational energy of each group, with the correspond-
ing source terms being calculated self-consistently from the rate coefficients of the detailed StS model,
namely, the source terms in the right column of Eq. (2e).

In particular, following the approach of Guy at al. [37], the internal partition function of group i for
the generic molecule A2 is defined as

fi(v, T
i
V ) =

e
− ϵv

kBTi
V∑

w∈i e
− ϵw

kBTi
V

(10)

ϵv indicating the energy of vibrational level v, kB the Boltzmann constant, and T i
V the internal temper-

ature of the i− th group. This allows one to evaluate global VT reaction rates

KV T,M
i→j =

∑
v∈i

∑
w∈j

kV T,M
v→w (T ) fi(v, T

i
V ) (11)

the reaction rates kV T,M
v→w (T ) given by the detailed StS model [51]. Then, the VT source term reads

ω̇A2,i
V T = mA2

∑
M

vA2∑
j

[
KV T,M

j→i Aj
2 −KV T,M

i→j Ai
2

]
M (12)

In the same manner, the DR source term reads

ω̇A2,i
DR = mA2

∑
M

[
Kr,M

i A2M −Kd,M
i Ai

2M
]

(13)

Kr,M
i and Kd,M

i being the recombination and dissociation global rates of group i for component A.
Finally, ω̇s,l = ω̇s,l

V T + ω̇s,l
DR.

Accordingly, one can compute the source terms Ω̇A2,i
V T and Ω̇A2,i

CV in the energy equation of group i
for the molecule of element A accounting for VT and chemistry-vibration (CV ) processes, V V processes
being considered negligible. Such terms are obtained by multiplying the continuity equation for each
vibrational level v by its energy and then by summing these equations over the levels in group i and are
used to evaluate Ω̇m,i = Ω̇m,i

V T + Ω̇m,i
CV .

4 Results
The hybrid WENO/central-difference scheme has been verified in Ref. [41], however a further proof is
presented here by considering Lax’s shock tube problem:

(ρL, uL, pL) = (0.445, 0.698, 3.528)

(ρR, uR, PR) = (0.5, 0, 0.571)
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The shock tube extends between x = 0 and x = 1 m and it includes 100 cells. The pure fifth order
WENO scheme and the hybrid one with two different thresholds of the shock sensor (χL=100 and 200)
have been employed. The results are in very good agreement with the exact solution, although some
oscillation in the velocity profiles are provided by the hybrid scheme (Fig. 1).

ρ

χ=100

χ=200

(a) (b)

Figure 1: Lax’s shock tube problem: (a) density profile; (b) velocity profile.

(a) (b)

Figure 2: 0D oxygen reactor, reduced models and StS comparison: (a) temperature profiles; (b) O2 mass
fraction profiles.

In order to verify the reduced model, 0D reactor simulations have been performed by considering
mixtures of pure oxygen, pure nitrogen and five species neutral air with the following initial conditions:

YO2
= 1; T = 9000 K; p = 105Pa

YN2 = 1; T = 9000 K; p = 105Pa

YN2
= 0.767; YO2

= 0.233; T = 9000 K; p = 105Pa

Figure 2 shows the temperature and the O2 mass fraction profiles obtained by the full StS and the
reduced models with one, two and three groups for the pure oxygen mixture. The agreement with the
full StS model increases by increasing the number of internal groups, thus the model with three groups
provides profiles that almost overlap the reference ones.
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(a) (b)

(c)

Figure 3: 0D oxygen reactor, T and Tv profiles: (a) one group model; (b) two groups model; (c) three
groups model.

In order to understand the differences between the three reduced models the vibrational temperature
profiles are provided along with the translational temperature in Fig. 3. The different dissociation
rates among the three models is related to the underpopulation of high energy vibrational levels that
cannot be seen with only one internal group (Tv1≈ T) while it is partially detected by the two groups
configuration (Tv2<Tv1≈ T) and it is more evident with three groups (Tv3<Tv2<Tv1≈T). This thermal
non-equilibrium reduces the dissociation rate as shown in Fig. 2 (b).

The reduced model with three internal groups has been verified also in the case of a pure nitrogen
mixture and a five species neutral air mixture as shown in Figs. 4 and 5.

Finally, a 2D Euler axial-symmetric simulation has been performed by considering a hypersonic flow
past a sphere reproducing an experiment by Nonaka et al. [53]. The test case regards a sphere with
a radius of 7 mm with the following free-stream conditions: YN2=0.767, YO2=0.233, T∞ = 293 K
u∞ = 3490 m/s.

Figure 6 (a) shows the pressure contour obtained on a uniform computational grid that includes
57 × 98 computational cells. Figure 6 (b) compares the full StS results, in terms of molecule mass
fractions, with those obtained by the reduced model with three groups: a good agreement is observed.
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(a) (b)

Figure 4: 0D nitrogen reactor, reduced models and StS comparison: (a) temperature profiles; (b) N2

mass fraction profiles
.
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Figure 5: 0D air reactor, reduced models and StS comparison: (a) temperature profiles; (b) mass fraction
profiles.

5 Conclusion and future work
The in-house developed finite volume flow solver has been equipped with a consistent reduced order
kinetic model for simulating hypersonic flows.
In order to reduce the computational load of the StS kinetics, the multi-internal temperature model
has been implemented for neutral air and verified by comparing the results with those of the full StS
approach. Such model, representing the distributions as piecewise Boltzmann, reduces the air chemical
kinetics by an order of magnitude. The results, compared with the StS approach, have shown an improved
agreement as the number of groups increases.

However, the runtime direct calculation of the multi-temperature rates from the state-to-state ones
does not give an effective gain in term of computational time. Therefore, to overcome this problem, our
future plans are to pre–calculate and fit the multi-temperature rate coefficients. Moreover, extension to
the Navier–Stokes equations and thorough verification and validation are also planned.
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(a) (b)

Figure 6: Nonaka sphere test case: (a) pressure contour; (b) mass fraction profiles.
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