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Motivation and objective: W

introduction
Physical context: Numerical context:
Atmospheric re-entry, an highly multi-physics Flows around various shapes, quasi-steady
problem: flows statement [1]:

Pressure
3.8e-01 1 2 5 10 20 50 100 200 5.4e+02

——— | ¢k
Hypersonic flow, strong heat transfer, tur- Implicit numerical linearized Finite Volumes
bulence, chemical reactions, ablation, shock (FV) method. First, multi-D Euler’s equations.

waves. ..

Nowadays: Classical [8] methods. ad-hoc CFL ramping is mandatory.
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Motivation and objective: AN %

A symptomatic case: 1D Burgers’ equation

Implicit method with classical Yee linearization procedure must be used with ad-hoc CFL ramping to
ensure stability. Illustration on simple 1D Burgers’ equation over 100 points uniform mesh.
Continuous model:

: Numerical result:
Burgers’ equation: d:u + oxf(u) =0

Anomaly when CFL > 1
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Propose theoretical tools to analyse existing methods, and also design novel, more robust,
more efficient, and well suited ones for 2D/3D unstructured meshes.
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Analysis of multi-D Euler equations linearization procedure
Euler equations: physical & numerical model
Stability analysis
Numerical results

Linear stability analysis
Generic linearization for implicit schemes
A novel matrix correction
Numerical results

A new paradigm: flux re-formulation of Euler equations

ICCFD12



Analysis of multi-D Euler equations linearization procedure%%

Euler equations: physical & numerical model Application on unstructured meshes

Continuous model:
system of PDEs: U+ V -F =0

Discretized model:

Ug+1 _ Ug S @n"r"l _ 0
N ol Z Py Ngr = 10
f V.
0.8
FV-Roe Riemann solver [6]...
to work with the hyperbolic structure of the system e
Fn+1 + Fn+1 Un+1 . Un+1 0.41
(I)n+1 — d c . TN E d c
f e — U] 2 o]
... with Harten entropy fix [5]... i ey ‘ ‘ , ‘
)\ |)\c| |f |)\C| Z 25’ -1.0 -0.5 0/.‘0 0.5 1.0
[Acle = i—g e if [he| < 2¢ blue, absolute value
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N
Analysis of multi-D Euler equations linearization procedure%%

Euler equations: physical & numerical model

Discretized model:

. . . +1 n
st — yn Increment linearization : ®7 =®; + AP
= ——+) 57" (ny) =0
f

At

ot A d AUy — A

Classical [8] linearization: Ad; ~ AU Z JaAUa _ |J;’|UdTUC

Using AF; =~ JZAU.

- - I

Generic implicit scheme: (Kt + ) SiAg)AU: — > SihgAUg =Y Sib7(ny)

AU =U""—U" N f fv f )

AAU=B

Block matrices: Ad:'“ﬂf'—_ﬂc & A ,:|Jf|—_°]]d

2 d 2
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Analysis of multi-D Euler equations linearization procedure W
Stability analysis
1D system von Neumann type linear analysis on each component « with assumptions

1D generic implicit structure:
. ) (AUI')C! ) ) ) ] . n n
_(A/-HAUI—H)a arF . = (A/Aul)a - (Al—1AUI—1)o¢ - = (@i+1/2 - (I)i—1/2)a
Hypothesis:
B A; & Ajyq frozen at t" (Gf’“)a =0, (Af’)a » E i E »
® Using F; = J;U; for Euler equations T — gtikaxgn ; :
B (AU™) ~a, (AU 172 172
(a077) =00 (07) |
1 n
- AUT Ay 4U7 Aj_1U!
o = — L ——— < 1 gives ( l:' Jo > ‘( +1nU Ja  { U1n Jo
1 ((A,’ — A,'_H e"‘AX — A,‘_1 e""AX)U?) (UI )a (UI )a ( i )04
-+ — (23
T (UMa
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Analysis of multi-D Euler equations linearization procedure%%
Stability analysis

Generic implicit structure: 1D stability criterion:
I ur uyn .
(E+Z SfAcf)AUC—Z SfAdeUd = Z qu)?(ncf) (A’l:I )a > ‘ (AIHHU/ )a + ( - n
: : : (Uf)a (U (U)a

We extend the 1D stability criterion to Multi-D: Z G ole (AC’UC 'Z S; (Adfuc

n n . B B
Classic [8] lin.: A®; =~ JcAUCZJdAUC’ _|J?|M Acf:—wf|2 Jo & Adf:—u]f’Z Ja
Using AF; ~ JJAU,

Monotone [4] lin.: AP, ~ w — \JHM Ag=Agr= |Jf’2— I
Using: ) “SiFenes =0 & AFy — AF: ~ J}(AUg — AU)
f
Classic: condition not respected Monotone: condition respected

= 8
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A
Analysis of multi-D Euler equations linearization procedure%\i&

Numerical results
1D stationary shock wave:

® Mach20,v=1.4

B 50 cells uniform mesh over [0; 1] domain

vs monotone: comparison

100

Variable | Left BC | Right BC | Unity
P 0.741 0.125 | [kg.m 7]
u 11.30 | -66.93 | [m.s7!]
P 466.5 1.0 [Pa]

Initial Conditions from Rankine-Hugoniot
relations
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B Monotone linearization procedure respects stability criterion & is more robust.
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Analysis of multi-D Euler equations linearization procedure%%

Numerical results Variable | Initial state Unity
M20 stationary shock around half cylinder p 1.0 [kg.m™"]
Ux 2(3.6(3 [nﬂ.S__l]
® Mach20,v=1.4 uy 0.0 [m.s™']

® 5000 quadrangles mesh P 1.0 [Pa]

Classic vs monotone: comparison
108 10" 4 =

—— Monotone

—— Monotone
—— Classic

—— Classic 10° 4
10° 4

—_
o
|

104.
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0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
iterations Iteration

B Monotone linearization procedure more robust & classic
linearization procedure converges faster
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Table: Initial Conditions

1.0e+00

Map & contour of density
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Analysis of multi-D Euler equations linearization procedure%%

Numerical results Variable | Initial state Unity
M20 stationary shock around half cylinder p 1.0 [kg.m™"]
Ux 2366 [m.S_l]
u MaCh 20, M= 14 Uy 0.0 [m'sfl]

® 6971 triangles mesh P 1.0 [Pa]

Table: Initial Conditions

Classic vs monotone: comparison
10°

—— Monotone 101 —— Monotone
_ —— Classic —— Classic
10°4 100
-1
1044 10
E 10—2
& 10°; 5
N : g
1024 :
/ 104
14 / -
10 / 10~
|
1004+ 10-6
0 100 200 300 400 500 0 100 200 300 400 500
iterations Iteration

® Monotone linearization procedure more robust & classic ,,
linearization procedure converges faster Map & contour of density
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Analysis of multi-D Euler equations linearization procedure%\i&

Numerical results
. Variable | Initial state | Inlet state Unity
Mach 3 backward facing step p 70 390 lkg.m ]
® Mach3,y=1.4 Ux 0.0 2.22 [m.s™']
. Uy 0.0 0.0 [m.s™!]
B 9724 triangular mesh p 1.0 7.38 [Pa]

Table: Initial Conditions

Classic vs monotone: comparison
103 10! 4

—— Monotone —— Monotone
—— Classic —— Classic

102 +——— — 10-1]

F

-

U
Residual

10!

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
iterations Iteration

B Classic linearization procedure diverges for any attempt M f — — I"
of increasing explicit CFL before 3000 iterations! ap of density & streamlines

B E
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Linear stability analysis " W

Generic linearization for implicit schemes

. . . F., + F iy — U7
We recast any &7, , into a classical finite volume flux: | 7., = % — IB%,-H/Q%

Assumption: B;, /> has the same eigenvectors as Jiy1/2,  Jit1/2 = Riv1/2 (diag(Ak));, 4 o Liv/2

by it1/2 0 0 _
Biy1/2 = Ripq,2 0 b2it1/2 0 Lit1/2, Bit1/2 = Rit12 (diag(bx)) 1 /p Lit1/2
0 0 b3 it1/2

(Liv1/2((Fieq + F7) —2@7 4 5)),
(Li+1/2(U7+1 o U/r"))k

The by are computed using: | by i1/2 =

The 1D implicit scheme writes:

Fli — F nL—ur U7 — Uy, AU — AU, AU, — AU,
e 5 — |= Bi+1/2% _Bi—1/2% + |J?+1/2|% - |J7f1/2|%
Convective term Diffusion terms
13
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Linear stability analysis

A novel matrix correction

WW

The convective term in the eigen space is linearly unconditionally stable using a criterion
from v. Neumann analysis

Analysis of the diffusive term in the eigen space:

T

(L;AU;)«

+

(Li(UR s — U7«

bit1/2,x

A4t /2,4l

2
(L,‘(AU,‘_H - AU/))k

2

(Li(U7 — U 1))k
2

bi_1 2,k

n (Li(AU; — AU;_1))«
A1 2,k] 5

With:

v. Neumann analysis gives criterion

LilJix1/2| = (diag(|Aik|)) L
LiBit1/2 = (diag(bix ))Li

& (w)), =Ly, forj=i—1,ii+1

2|N\ik| > bixk >0

to ensure linear stability

Matrix correction:

if [Xik| < bik, then| k| = [Aik| + Cip1/2
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Linear stability analysis " W

Numerical results
1D stationary shock wave: Variable | Left BC | Right BC Unity
P 0.741 0.125 | [kgm ]
R 20y 5=t u 1130 | 6693 | [m.s!]
® 50 cells uniform mesh over [0; 1] domain p 466.5 1.0 [Pa]
- IIU”+‘O—U"||1 < 10~® as convergence criterion ICs from Rankine-Hugoniot relations
Ll y Initial & final density
vs corrected: comparison o7 {0 "y
RHS Scheme Max CFL 06 .
correction 5051
FV-Roe [6] 50 000 50 000 §0.4
SLAU [2] 50 000 50 000 0
HLLE [3] 10 50 000 o
Rusanov [7] 2 50 000 o

0.0 02 0.4 0.6 0.8 1.0
Position x

B No correction needed for SLAU or FV-Roe.

B Correction added with HLLE or Rusanov strongly increases robustness.

= s
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Linear stability analysis

Numerical results

M20 stationary shock around half cylinder

® Mach 20, v = 1.4

B 5000 quadrangles mesh

Non-corrected vs corrected: comparison

RHS Scheme Max CFL
no correction | correction
FV-Roe [6] 100
SLAU [2] 50 000
HLLE [3] 50 000
Rusanov [7] 50 000

B Correction added with HLLE, Rusanov or
SLAU strongly increases robustness

ICCFD12

WW

Variable | Initial state Unity
p 1.0 [kg.m 7]
Uy 23.66 [m.s™']
Uy 0.0 [m.s™!]
p 1.0 [Pa]

Table: Initial Conditions

Map & contour of density

— 6.7e+00
65

1.0+00
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Linear stability analysis
Numerical results Variable | Initial state |  Unity
M20 stationary shock around half cylinder P 1.0 [kg.m™7]
Uy 23.66 [m.s™!]
® Mach?20,v=1.4 uy 0.0 [m.s™']
p 1.0 [Pa]

® 5000 quadrangles mesh
Table: Initial Conditions

Non-corrected vs corrected: comparison

RHS Scheme Max CFL
no correction | correction
FV-Roe [6] 50 000 50 000
SLAU [2] 50 500
HLLE [3] 5 10
Rusanov [7] 5 200

B Correction added with HLLE, Rusanov or
SLAU increases robustness
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Linear stability analysis
Numerical results

M20 stationary shock around cylinder
® Mach 20,v=1.4
B 9702 quadrangles mesh
B Same initial conditions as half-cylinder

Non-corrected vs corrected: comparison

o
iy i
S

i ey ooy,
rasts rag,
A R B
R i
S SR
SRR s 25

N S 0:, X7
ok,
SRR 0205200002
IR SERALAL
IR et

Mesh, Map of density & streamlines

10° 10°
—— Corrected
—— Non-corrected
104 10*
10° 10%
= =
=
5 ——— 3]
10% 102
|
10! 10!
10° 100
100 10! 102 10% 10* 10°
iterations

10! 10%

iterations

—— Corrected —— Corrected
~—— Non-corrected —— Non-corrected
104
103
-
[*
O
10%
10!
10°
10° 104 10° 10! 102 10% 10*
iterations

= SLAU [2]

Rusanov [7] HLLE [3]
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Linear stability analysis
Numerical results

M20 stationary shock around cylinder

® Mach 20,vy=1.4
B 9844 triangles mesh

B Same initial conditions as half-cylinder

Non-corrected vs corrected: comparison

10°

104

10°

—— Corrected
Non-corrected

10° 10!

102 10%
iterations

SLAU [2]
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iterations iterations
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L2 W
A new paradigm: flux re-formulation of Euler equations

Discretized model: = | xJ2(p;) | =  Discretized model:

Un+1 —_yn Fn+1 —F"

ot S® g =0 AF(po) ~ - (pc)m e(Pe) | 17(po) > S®! g =0
d J2(pc) AU J

= To limit the effect of the strong non-linearity between U and F on the solving of the linear system.
= To chose a direction of resolution.

120 ~

100 +

80 1

60 ~

Linear solver it.

40

--- e

56”55 40 42 a4 46 48 50 52 54 56 55 60 62 cees 20 — Conservative
; ; . ~~~ Preferred direction

0 200 400 600 800
pseudo temporal it.

20
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Conclusion & outlook 55

B We proposed a theoretical tool to analyse implicit linear schemes and build novels ones.

B We have shown its relevance comparing two implicit linearization procedures, a classical one
[8] and a monotone one [4] over several test cases.

B We proposed to adapt Roe based matrix to arbitrary RHS scheme using matrix correction
based on a stability linear analysis.

B We tried a new linearization procedure based on flux reformulation of Euler equations.
® Futur work: Extension of this work to 2nd order space accuracy.

B Qutlook: extend this work to 3D Navier-Stokes equations & challenging it over several
industrial test cases and find new linearization procedures to better precondition the linear
system.

B Communication:
"Toward robust linear implicit schemes for steady state hypersonic flows", submitted on april,
JCP.
"Novels linear implicit schemes based on flux reformulation of Euler equations”, in preparation.

21
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