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Abstract: We have developed an explicit and direct pressure-correction method (FastRK3P*) to
solve the incompressible Navier Stokes equations for two-fluid flows under shear-periodic boundary
conditions. FastRK3P* preserves stability for simulating droplet-laden homogeneous shear turbu-
lence (DLHST), while still requiring only one solution of the Poisson equation for pressure per
time step. Using FastRK3P* coupled with the volume of fluid method (VoF), we have performed
direct numerical simulations (DNS) of DLHST. The turbulent flow is at an initial Reynolds number
based on Taylor microscale Rey, = 40, and is initially laden with 1,258 droplets of diameter ap-
proximately equal to twice the Taylor length-scale of turbulence, resulting in a 5% droplet volume
fraction. The droplet-to-fluid density and viscosity ratios are both equal to 10. In the present
work, our objective is to determine the effects of varying the Weber number, We, and the shear
number, Sh, on the budget of the turbulence kinetic energy (TKE). DNS results show the effects
of the mean shear on droplet dynamics for different We, how this affects the terms of the TKE
equation, and, thus, explain the evolution of TKE in DLHST.

Keywords: Direct Numerical Simulation, Turbulent Shear Flow, Shear-periodic Boundary Condi-
tions, Droplet-Laden Flow, Multiphase Flow.

1 Introduction

For decaying isotropic turbulence laden with droplets of initial diameter of Taylor length-scale size,
Dodd & Ferrante [1], through direct numerical simulations (DNS), explained the physical mechanisms of
droplet /turbulence interaction and the pathways of turbulence kinetic energy (TKE) between droplets, car-
rier fluid, and the interface between the two. The DNS results of Dodd & Ferrante [1] showed that that the
droplet-carrier-fluid interface represents a sink or source of TKE through the power of the surface tension,
¥! due to the fluctuating velocity. W. acts as a sink (source) of TKE when the total surface area of the
interface increases (decreases). In decaying isotropic turbulence, the absence of mean shear translates into
absence of production of TKE due to shear. Thus, the next step of complexity from the study of [1] is
studyingthe effects of shear on droplets and the effects of droplets on the production of TKE by simulating
droplet-laden homogeneous shear turbulence (DLHST).

The studies of Rosti et al. and Scapin et al. [2, 3] advanced the numerical solution of single-phase
homogeneous shear turbulence (HST) until a statistically-stationary (SS) state was reached, at which point
droplets were injected. In nature, homogeneous shear turbulence exhibits unbounded growth of the integral
length-scale and of TKE. SS-HST simulations artificially contain the length scales and exhibit ‘bursting’
of TKE. Because of the artificial ‘bursting’ of TKE exhibited, and the forcing in SS-HST, the effects of
droplets/turbulence interaction are camouflaged and, thus, SS-HST should not be used for studying the
physical mechanisms of the interactions between droplets and HST. Also, in Rosti et al. [2], the second-order
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Adams-Bashforth (AB2) scheme was used for integrating in time the discretized Navier-Stokes equations of
SS-HST. This scheme is not suitable for DNS of HST due to its weak instability, as recognized by Schumann
[4] and proven by Kasbaoui et al. [5]. This weak instability creates fluctuations in the spectrum of turbulence
kinetic energy at high wave-numbers, as shown in Fig. 1. In [3], a modified Adams-Bashforth scheme was
proposed which addresses this instability, but adds an extra shear-remapping operation.

We have developed a new numerical method for simulating DLHST called FastRK3P*. This method
combines FastP* [6] with FastRK3 [7]. FastRK3 is a third-order Runge-Kutta (RK3) pressure-correction
method to solve the incompressible Navier-Stokes equations whilesolving the Poisson equation for pressure
only once per time step vs. three times of the standard RK3 methodology [8]. Thus, the main two advantages
of FastRK3P* are that it doesn’t require the solution from the previous time step like AB2 (therefore
preserving stability for simulating DLHST [5]), and only requires one solution of the Poisson equation for
pressure per time step.

In the present work, we consider finite-size droplets larger than Taylor length scale size at the time of
injection (Dg =~ 2\g, where A is the Taylor length scale, and the subscript 0 means at droplet injection
time) in homogeneous shear turbulence. We ensure that the HST simulation is physically meaningful by
monitoring the changes of the length scales and of the two-point velocity autocorrelation. Studying DLHST
via DNS, after the work of Dodd & Ferrante [1] for droplet-laden decaying isotropic turbulence, is aimed
to understanding the role of the mean shear on droplet/turbulence interaction and the modulation of TKE,
e.g., how does the mean shear modulate the droplets interface, the power of surface tension, and how do the
droplets affect the production of TKE.

We perform a parametric study of DNS of DLHST in which we vary the Weber number based on the
r.m.s. velocity of turbulence (Weyms = DoUZ,,.pc/0) and the shear number (Sh = S/(Uyms/l)), where Dy
is the initial droplet diameter, U,.,,,s is the r.m.s. of the velocity fluctuations, p. is the density of the carrier
fluid, o is the surface tension coefficient, S = OU /0= is the mean velocity gradient (which is constant), U,
is the mean velocity in the z—direction (which is linear), and [ is the integral length scale.

2 Mathematical description

2.1 Governing equations

The non-dimensional governing equations for an incompressible flow of two immiscible fluids with mean shear
in the absence of gravity are

V-u=0, (1a)
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where u = u(x,t) is the fluid fluctuating velocity, S = 362 = js the mean shear rate where U, is the mean

velocity, p = p(x, t) is the pressure, p = p(x, t) is the density, u = p(x, t) is the dynamic viscosity, S’ = S'(x, t)
is the strain-rate tensor of the fluctuating velocity (S’ = 2[Vu+ (Vu)T]). Re and We are the Reynolds and
Weber numbers, respectively, which are defined as:

5.U2L
,  We= P , (2)

e o

where U, L, Des e and o denote, in order, the reference dimensional velocity, length, carrier-fluid den-
sity, carrier-fluid dynamic viscosity and surface tension coefficient used to non-dimensionalize the governing
equations (la) and (1b). The subscripts ¢ and d indicate the carrier fluid and droplet fluid, respectively.
f, = f,(x,t) is the force per unit volume due to surface tension,

f, = ké(s)n (3)

where k = k(x, t) is the curvature of the droplet interface, n = n(x, t) is the unit vector that is normal to the
interface and directed towards the interior of the droplet, § is the Dirac d-function that is needed to impose
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f, only at the interface position and s is a normal coordinate centered at the interface, such that s = 0 at
the interface.

2.2 Numerical method

In S2.2.1 we describe the FastRK3* method that is used to solve numerically the two-fluid governing equations
(1a) and (1b). This method is coupled to the VoF method presented in S2.2.2, which is used to capture the
motion of the droplet interface.

2.2.1 FastRK3P*

We solve the governing equations (1a) and (1b) throughout the whole computational domain, including the
interior of the droplets. The domain is a rectangular prism with non-dimensional side lengths (L, L,, L,) =
(2,1,1). The governing equations are discretized in space in an Eulerian framework using the second-order
central difference scheme on a uniform staggered mesh.

The solution algorithm begins by advecting the volume fraction of the droplet fluid, C(x,t), based on
the known velocity field u™. The volume fraction has value C' = 0 in the carrier fluid, C' = 1 in the droplet
fluid and 0 < C < 1 in cells containing the droplet interface. After computing C™*! (S2.2.2), the density
and viscosity can be computed at time level n + 1.

Runge-Kutta methods are a family of multi-step iterative methods that construct approximate velocities
at intermediate time steps, starting with the velocity at time level n, to obtain the velocities at time level
n + 1. First, the computation of the approximate velocity omits the pressure term in (1b), and the second
term on the right-hand side in (1b) is omitted. This term represents the advection of momentum by the
mean velocity, and is accounted for later in the solution algorithm by a ‘shear-remapping’ operation. The
momentum operator for the right-hand side of (1b) with the omitted terms is defined as

1 Hn-‘rlvcn-&-l
V- (2 n+lsl el A
(2 )} W { p }

where surface tension force, f,, of (1b) has been substituted by using Brackbill’s continuum surface force
(CSF) approach.

The solution algorithm proceeds by calculating three intermediate velocities for the three stages of the
RK3 algorithm using the FastRK3 method of [7] as:

2 1 1
M(u) = -V - (uu) — Susi + Te | it

(4)

1
uj =u” 4 SAtM(u") (5)
u; =u" + At [M(u ) 4+ 2M <u13Atpn+11>} (6)
. 3 . 1. V¢ 1 . 1. Ve
uj = u" + At [4/\4 <u1 —~ BAtan) + M <u2 — BAtan)] : (7)

where the V¢ terms represent a pressure-like field that correct uj and uj to be approximately divergence-free.
For FastRK3P* these terms are defined as

[
w2

The choice of constant extrapolation of pressure to determine the V¢ terms reduces the temporal accuracy
of the modified RK3 method from third-order to second-order, but it removes the dependence on solutions
from previous time steps. The right-hand side of equations (8) and (9) are computed and stored at each
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Figure 1: Spectrum of TKE, E(k), for single-phase HST at S -t = 6 for AB2 (dotted line) and FastRK3
(solid line) time-integration schemes. The wavenumber, , is normalized by the lowest non-zero wavenumber,
Ko = 27T/£

time step according to the FastP* [6] pressure splitting as

vpl" 1 1 1
[p]=VW+<n—>Vﬁ7 (10)
P Po P Po

where p* = 2p™ — p"~!. Next, the advection by the mean velocity is accounted for by the ‘shear-remapping’
operator which maps local values of velocity to value computed upstream according to the magnitude of the
local mean velocity by using spectral interpolation. The advection of mean velocity is, thus, applied to uj
with the ‘shear-remapping’ operator as

5 = uj(x — AtSzi) (11)

The pressure is computed by solving the Poisson equation [6]:

e (1 )] B »

where we have split the pressure gradient term [9] as
1

1 1 1
- n+1 = n+1 = *
P! Vphtt — p” Vp"Tt 4+ <p”+1 Po) Vp*, (13)

where pg = min(p1, p2). The advantage of using (13) is that it yields a constant coefficient Poisson equation
(12) which can be solved efficiently using direct methods. Equation (12) is solved directly using a combination
of a two-dimensional fast Fourier transform (FFT) in the a-y plane and Gaussian elimination in the z-
direction [10]. Finally, we update the velocity field to find u"*! by applying the pressure-correction to 1w}
as

1 1 1
u"t = a - At {Vp"+1 + ( — ) Vp*} 14
° Po Pt po 14)
Figure 1 shows the difference in the turbulence kinetic energy spectra when using AB2 versus FastRK3
method to simulate case As. The spectra from the AB2 method shows unphysical fluctuations at higher
wavenumbers, while the spectra from the FastRK3 method decays smoothly as expected.
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2.2.2 Volume-of-fluid method

In the VoF method, the sharp interface between the two immiscible fluids is determined using the VoF color
function, C', which represents the volume fraction of the droplet fluid in each computational cell. In our VoF
method, the interface between the two fluids is reconstructed using a piecewise linear interface calculation
(PLIC) [11]. The interface reconstruction in each computational cell consists of two steps: the computation
of the interface normal n = (ng,n,,n.) and the computation of the interface location. The algorithm that
we use to evaluate the interface normal is a combination of the centered-columns method [12] and Youngs’
method [11] known as the mixed-Youngs-centered (MYC) method [13].

If we consider a characteristic function y that has value x = 1 in the droplet fluid and x = 0 in the
carrier fluid, y is governed by the following advection equation:

ox
5t Vx=0. (15)

The volume fraction C; ;1 of grid cell 4, j, k is related to the characteristic function x by the integral relation

=5 [[] Xt (16)

where Vj is the volume of the i, j, k cell. The volume fraction C' is advanced in time using the advection
algorithm of [14], which is mass conserving, and wisps are redistributed and suppressed using the method of
[15].

2.2.3 Shear-periodic boundary conditions

In homogeneous shear turbulence, periodic boundary conditions are applied in the streamwise z-direction,
and spanwise y-direction. In the z-direction, in which the mean carrier-flow velocity varies, the shear creates
time dependent boundary conditions, such that, for a generic dependent variable f, the shear-periodic
boundary conditions are expressed as

flz,y,L.,t) = f(x — S -tL.,y,0,t). (17)

Depending on the choice of S and time step, the z position of the right-hand side of (17) may fall in
between grid points. For velocity and pressure, pseudo-spectral interpolation is used to interpolate between
grid points. However, the VoF variables (such as the interface normal, plane constant, and curvature) cannot
be interpolated pseudo-spectrally.

All VoF variables are located at cell centers along with the pressure field, while velocities are located
at the staggered cell faces. FastRK3P* computes the momentum operator at staggered grid locations. In
order to solve (1b) numerically, the surface tension term, f,, must be computed on the staggered grid
through averaging. ‘Ghost cells’ are used to calculate f, on the staggered mesh. With regular periodic
boundary conditions, the value of f, can be copied directly from the source cell in the interior domain into
the destination ‘ghost cell’. A simple copy is not possible with shear-periodic boundary conditions because
the = value for the source cell may not be located on the grid. To obtain the necessary ‘ghost cell’ values
of VoF variables, the algorithm copies a slab that is four grid points thick at the vertical boundaries of the
interior domain to copy into the destination ‘ghost cells’. Next, the VoF advection algorithm is employed to
shift these ‘ghost cells’ by the corresponding distance in x according to Eq. (17). Finally, the interfaces are
reconstructed and the curvature is computed so that it can be used to calculate f, on the staggered mesh.
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Case  Wems @ =pa/pe V= pa/tte Pm o We S
- - - 0

Ao 0 - 5
Ay - - - 0 0 - 10
Ba 0.02 10 10 0.5 0.05 16.19 5
By 0.02 10 10 0.5 0.05 12.65 10
Cs 0.1 10 10 0.5 005 8095 5
Cy 0.1 10 10 0.5 0.05 6324 10
Dy 0.5 10 10 0.5 0.05 404.73 5
Dy 0.5 10 10 0.5 0.05 316.18 10

Table 1: Simulation properties (dimensionless) at droplet release.

3 Results and discussion

3.1 Initial conditions and droplet properties
3.1.1 Carrier flow parameters and initial conditions

The initial turbulent velocity field is generated by prescribing the TKE spectrum, E(x) as [16, Sec. 6.5.3], and
ensuring that it is isotropic, divergence-free with respect to the discretized form of the continuity equation
and that the velocity cross-correlation spectra, R;;(k), satisfy the realizability constraint [17].

The initial velocity field is allowed to develop with periodic boundary conditions and without shear (i.e.,
as decaying isotropic turbulence), until the skewness of the velocity derivative S,, has reached = —0.50, then,
a constant mean velocity gradient S = 5 or § = 10, which correspond to Sh ~ 2 and Sh = 4, respectively, is
imposed on the flow. In order to ensure our simulations are physically meaningful, we ensure that nr,,q; > 1
at all times, where K4, = 7N is the maximum resolved wavenumber and N = 600 is the number of grid
points in the y and z-directions, while N,, = 2N. Additionally, we ensure that the two point Eulerian velocity
autocorrelation in the z-direction diminishes to zero in less than half the length of the domain length in z,
L,, at all times. To satisfy this condition, the domain length in the z-direction is double its length in the y
and z-directions.

3.1.2 Droplet properties

We perform two simulations of droplet-free flow, As and Ay, and eight simulations of DLHST (Table 1).
Cases A3 and A} are limiting cases in which the viscosity and density ratios are unity and the Weber number
is infinity. We analyze the effects of varying the shear number Sh and the initial droplet Weber number
based on the r.m.s. of velocity fluctuations (We,,s). In cases Ay—Ds, Sh = 2 while We,,,s increases from
0.02 to 0.5, and, in cases A4;—Dy4 Sh = 4, while We,.,,s increases from 0.02 to 0.5. The density and viscosity
ratios for all droplet-laden cases are set to ¢ = 10 and v = 10, respectively. For all cases, the droplet volume
fraction is ¢, = 0.05, the initial number of droplets is Ny = 1260, and the initial non-dimensional droplet
diameter is Dy = 0.0533.

The flow field evolves free of droplets until S - ¢ = 2 which corresponds to one flow-through of the mean
shear velocity. At that time, droplets are randomly seeded at rest in the domain under the constraint that
the distance between droplet centers must be at least 2.1Dy.

3.2 Turbulence kinetic energy equations

In order to explain the fundamental physical mechanisms of the interactions of droplets with HST, we start
by analyzing the evolution equation of TKE, k(t), for the two-fluid flow, k.(t) for the carrier-fluid flow, and
kq(t) for the droplet-fluid flow .

The evolution equation of k(t) is

dk
E:P—E—i—@, (18)
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where
1
k(t) = 5 (pujuy), (19a)
P(t) = —S{pujus), (19Db)
c(t) = o (T48%), (19¢)
7}(0) = - i o) (190)

where (- - -) denotes instantaneous spatial-averaging over the entire computational domain. Ti'j = 2/151’»]» is
the viscous stress tensor, and S’Z’-j is the strain-rate tensor of the fluctuating velocity defined in S2.1. In
(19d), P(t) is the production of k(t), e(t) is the dissipation rate of k(t), and ¥/ (t) is the power of the surface
tension due to the fluctuating velocity.

The evolution equation for the TKE of the carrier-fluid flow, k.(t), is

dk.
dt

=P.—ec+ Tu,c + Tp,cv (20)

and the evolution equation for the TKE of droplet-fluid flow, k4(t), is

% =Pa—cea+Tya+Tpa (21)
The terms in (20) and (21) are defined as
K1) = Hpustshes Pelt) = —Spurug)e, eo(t) = 2 (T s)e "
e UE —agf e
and
ka(t) = 3{pujus)a, Pa(t) = —S{puruz)a, ea(t) = %@'zjslmda o
T,q(t) = é%ﬂi:‘jm, T, 4(t) = 5<g;f>d’

where (...). and (...)4 denote spatial averaging over the carrier fluid and droplet fluid, respectively. In (22)
and (23), P. and P, are the productions of TKE, ¢, and ¢4 are the dissipation rates of TKE, T, . and T, 4
are the viscous powers, and T}, . and T}, 4 are the pressure powers. The power terms in (18), (20) and (21)
are related through the identity

w{;’ = (1 - ¢v) [Tl/,c + TP,C] + ¢ [Tl/,d + Tp,d] : (24)

3.3 Comparison of TKE budget for droplet-free and droplet-laden turbulence

In this section, we present the effects of droplets on HST relative to the droplet-free case by analyzing the
terms of the TKE budget equation (18) and, then, we explain the underlying physical mechanisms.

3.3.1 Two-fluid TKE Budget

Figure 2 shows the temporal evolution of k(¢) normalized by the initial value for the droplet-free cases at
droplet release-time, k/kg. The average rate of change of TKE after S -t > 4.25 are calculated and shown.
For cases By and By, the rate of change of TKE is increased with respect to the droplet-free cases (As and
Ay). For cases Cy and Cy, the rate of change of TKE oscillates near the value for the droplet-free cases.
For cases Dy and Dy, the rate of change of TKE is decreased with respect to the droplet free cases. For all
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Figure 2: Temporal evolution of the turbulence kinetic energy, k, normalized by its value at droplet-release
time, /{0.

droplet-laden cases, d(k/ko)/dt decreases with increasing Wepps.

To explain why droplets modify the rate of change of k, we analyze the temporal evolution of the terms
on the right-hand side of (18), that is P, e, and ¥.. Figure 3 shows the temporal evolution of the production
of TKE normalized by the initial dissipation rate of TKE for the droplet-free cases at droplet release-time,
P/eg. For cases By and By, the production is increased with respect to the droplet free cases. For cases Cy
and Cy, the production closely matches that of the droplet free cases. For cases Dy and Dy, the production
is reduced with respect to the droplet free cases. For all droplet-laden cases, P decreases with increasing
Werms-

Figure 4 shows the temporal evolution of the normalized dissipation rate of TKE, ¢/¢¢. For all droplet-
laden cases, the dissipation rate is enhanced compared to the droplet-free cases, with an increasing Weyys
leading to a decrease in the dissipation rate.

Figure 5 shows the temporal evolution of the power of the surface tension due to the fluctuating velocity
normalized by the initial dissipation rate of TKE for the droplet-free cases at droplet release-time, ¥ /eq.
For cases By and By, ¥/ oscillates around roughly 200% of the initial dissipation rate, £, which corresponds
to 30% of the instantaneous dissipation rate, e, at S -t = 5. Therefore in cases By and By, ¥. represents
a significant source of TKE for S-t > 2. For cases Cy and C4, V! initially exhibits oscillations around
zero up to 80% of ey (case Cz) and 200% (case C4), which decay to less than 17% (case Cz) and less than
25% (case Cy4) of the instantaneous dissipation rate, e, at S -t = 5. For cases Cy and Cy4, ¥/ represents a
moderate source or sink of TKE for 0 < S -t < 3, and a more neutral role in the time evolution of the TKE
for S-t > 3. For cases Dy and Dy, ¥/ is limited to +20% of the instantaneous dissipation rate, ¢, thus

g
playing a more neutral role in time evolution of the TKE.

4 Conclusions

We have developed a new numerical method, FastRK3P*, for simulating droplet-laden homogeneous shear
turbulence that is stable for simulating HST unlike the second-order Adams-Bashforth scheme, and still
only requires one solution of the Poisson equation per time step vs. three for standard RK3 methodologies.
This method combines the advantages and progress made with FastP* for simulating two-fluid flows with
FFT-based Poisson solver [6], with FastRK3 [7, 18] which solves the incompressible Navier-Stokes equations
with an explicit RK3 method while solving the Poisson equation for pressure only once per time step.
Using FastRK3P*, we have performed direct numerical simulations of homogeneous shear turbulence laden
with deformable droplets, whose diameter is approximately equal to twice the Taylor lengthscale at the
time of droplet release. The goal of the study was to explain the physical mechanisms of droplet-turbulence
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Figure 3: Temporal evolution of the production of turbulence kinetic energy, P, normalized by the value of

the dissipation rate at droplet-release time, €q.
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Figure 4: Temporal evolution of the dissipation rate of turbulence kinetic energy, €, normalized by its value

at droplet-release time, €.
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Figure 5: Temporal evolution of the power of the surface tension due to the fluctuating velocity, ¥/

2, nor-
malized by the value of the dissipation rate at droplet-release time, €.

interaction in the presence of shear for HST. Understanding these mechanisms is a prerequisite for developing
predictive, physics-based turbulence models, e.g., Freud & Ferrante [19, 20].

We simulated six cases in which we released 1260 droplets from rest in homogeneous shear turbulence
at an initial Reynolds number based on the Taylor lengthscale of Re) = 40. In each case we varied the
Weber number (0.02 < Weyms < 0.5), while the density and dynamic viscosity ratios between the droplet
fluid and the carrier fluid were constant (pq/pe. = pa/pe = 10). The governing equations were discretized
and solved in a cubic domain using 1200 x 600 x 600 grid points, and each droplet was resolved by 32 grid
points across its diameter. The droplets were captured in time using the advection method of [14] and the
wisp-suppression and redistribution method of [15].

We have applied our new numerical method to simulate six cases of DLHST, varying the shear number
Sh = S/(Urms/l) and the initial droplet Weber number based on the r.m.s. of velocity fluctuations (We,p,s =
DoU?,,.pe/o). The findings of this study are summarized as follows:

1. For cases By and By, the rate of change of TKE is increased with respect to the droplet-free cases (A
and Ay). For cases Cy and Cy, the rate of change of TKE oscillates near the value for the droplet-free
cases. For cases Dy and Dy, the rate of change of TKE is decreased with respect to the droplet free
cases. For all droplet-laden cases, d(k/kq)/dt decreases with increasing Weppys.

2. For cases By and By, the production is increased with respect to the droplet free cases. For cases
Cs and Cy4, the production closely matches that of the droplet free cases. For cases Do and Dy, the
production is reduced with respect to the droplet free cases. For all droplet-laden cases, P decreases
with increasing Wepps.

3. For all droplet-laden cases, the dissipation rate is enhanced compared to the droplet-free cases, with
an increasing We,,,s leading to a decrease in the dissipation rate.

4. For cases By and By, W. represents a significant source of TKE for S -t > 2. For cases Cy and Cy,
¥! represents a moderate source or sink of TKE for 0 < S - ¢ < 3, and a more neutral role in the time
evolution of the TKE for S - t > 3. For cases Dy and Dy, ¥/ plays a more neutral role in time evolution
of the TKE.
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