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Abstract: A new shock capturing approach based on the jump of conservation variables is proposed 

in this paper under the frame of artificial viscosity method, which has been widely accepted recently. 

The new method is designed for better adaptability and can be easily extended to non-uniform grid. 

The performance of the method is assessed by several typical cases. The result of isentropic vortex 

problem shows that the new approach is capable to produce the expected truncation error without 

polluting smooth flow. The simulations of one-dimensional shock tube problem show that spurious 

oscillations can be perfectly suppressed even with high order. For the simulation of flow over 

RAE2822 airfoil, the result is improved with the increase of the order of the scheme. As shown in the 

hypersonic cylinder flow case, the capability of the new method for shock capturing is demonstrated. 

Comparing with other artificial viscosity methods, this new method shows advantages over 

convergence and influence in smooth flow. 

 
Keywords:    discontinuous Galerkin, Artificial viscosity, Shock capturing, Hypersonic flow, 

Convergence. 

 

1     Introduction 
 
High order methods have received great focus and been applied to the simulations of turbulent flows 

and multi-scale problems[1-6] recently due to their favourable features in terms of accuracy, spectral 

properties, compactness, flexibility for unstructured mesh. They are still undergoing rapid 

developments in various aspects such as shock capturing, implicit time integration, grid adaptivity, 

and so on. For high order unstructured methods such as discontinuous Galerkin (DG), shock capturing 

with high order is still very challenging.  

The current shock capturing methods are generally classified into three categories: limiter, 

reconstruction and artificial viscosity. For limiter method[7-10], the slope of solution on trouble element 

would be limited by some limiter functions and the corresponding accuracy would be spoiled. 

Unfortunately, the limiter method has some inherent disadvantages, such as the difficulty in marching 

the solution to a steady-state. Furthermore, since the limiting process is applied outside of the residual 

calculation, the solution that satisfies a zero steady-state residual has spurious oscillations in it. 

Reconstruction methods such as WENO[11,12] and Hermite WENO(HWENO)[13]  are alternative 

approaches to retain the higher-order modes and utilize the additional degrees of freedom to yield 

sharper shock transitions. Compared to WENO, HWENO-based methods are able to effectively 
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achieve the compact stencil, and are thus more suitable for unstructured mesh. Another large family 

of shock capturing for unstructured high order methods is the artificial viscosity method[14-16,18,19], 

which explicitly add in this additional dissipation in the region of discontinuities by introducing 

viscous terms to the governing partial differential equation, and has achieved considerable success. 

The key for the artificial viscosity method is the right scaling, i.e. to decide the appropriate value of a 

shock sensor to activate the artificial viscosity. There has been plenty of work in this area. 

A new shock capturing approach is proposed in this paper under the frame of artificial viscosity 

method. The performance of the method is assessed by several typical cases. The result of isentropic 

vortex problem shows that the new approach is capable to guarantee the accuracy of the solution 

under high order, and has little effect on the smooth region. The simulations of one-dimensional 

shock tube problem show that the correct position of the artificial viscosity is added and spurious 

oscillations can be perfectly suppressed in high-order conditions. For the simulation of flow over 

RAE2822 airfoil, the result is improved with the increase of the order of the scheme. Finally, as 

shown in the hypersonic cylinder flow case, the capability of the new method for shock capturing is 

demonstrated.  

 

2     Numerical Methods 
For conservation equation as follows: 
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U represent the conservation variables of flow field, cF represent the inviscid flux. The purpose of the 

artificial viscosity method is to increase the dissipation in the shock region so as to ensure a smooth 

transition in the shock region. In order to simplify the construction process, the Laplacian artificial 

viscosity model is chosen. Formula (1) is converted into the following form. 
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sF is artificial viscosity term, The specific form is as follows: 
s

sF U= 
 （3） 

s represents the coefficient of artificial viscosity. Integrate equation (2) and ignore the boundary 

integral of the artificial viscosity term to obtain the following form: 
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Under normal circumstances, the distribution of the artificial viscous coefficient changes with the 

distribution of discontinuous regions such as shock waves. It is large enough near the shock wave, 

which can effectively suppress the oscillation, however in the smooth area in the flow field it is a 

small amount, which does not affect the accuracy of the smooth solution. The dimension of the 

artificial viscous coefficient is consistent with the kinematic viscosity coefficient and its performance 

is as follows: 

~s VL  （5） 

V represents the dimension of speed, L represents the dimension of length. the artificial viscosity 

coefficient, based on the dimension of VL, is constructed by using the constant variable jump at the 

interface of the grid cell and the pressure detector in the cell. For any cell, the jump of the boundary in 

a cell is defined as: 
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 m m mu u u+ −= − represents the jump of the conservation variables at the interface. m m mu u u+ −= +

Represents the average of them. The conservation variables’ jump of the boundary is assigned to the 
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element in a normalized manner. The specific normalization method is as follows: 

jumpds

Vol


 

 =


 

（7） 

Vol represents the volume of a cell. Using the pressure gradient in a cell, the pressure detector can be 

configured as follows. 
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 is a small amount that prevents the denominator from being zero. 

Finally, the coefficient of artificial viscosity in a cell is constructed as follows: 
2

s pC f V h =
 

（9） 

In the above equation, V represents the speed within the cell, h  represents the reference scale. C  is 

an empirical parameter and generally takes 0.1. 

 

3     Numerical Results 
3.1 The isentropic vortex problem 
The isentropic vortex problem describes the addition of an isentropic vortex to the initial mean flow

{ ,u,v,p} {1,1,1,1} = . The size of the vortex is given by: 
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In the above formula, density, pressure and entropy are respectively expressed as ,p,S .
2 2 2(x 5) (y 5)r = + + + , 5.0 = , The entire calculation area is  10,0 [ 10,0]−  − , u , v respectively, 

represents the velocity component of the direction of x , y , the expression of entropy is /S p = , 

and the specific heat ratio 1.4 = . The isentropic vortex problem has an exact solution to verify the 

accuracy of the two-dimensional Euler problem. 

In the calculation process, the boundary conditions are given according to the exact solution, and the 

time is advanced to 2s using the BDF2 scheme. We choose a hybrid grid for calculations. The 

reference grid and encryption grid are shown below. 
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Base Grid(145) Refined Grid(145*4) 

  
Refined Grid(145*16) Refined Grid(145*64) 

Fig. 1 The uniform refined grid series for isentropic vortex problem 
 

With or without artificial viscosity, entropy increase with grid scale and accuracy is shown in Figure 2. 

we can see that without adding artificial viscosity, the L1 norm and the L2 norm of the entropy 

increase from 2nd to 4th order can be consistent with the theoretical value, which can effectively 

guarantee the order. Once the artificial viscosity is added, the entire solving equation will change 

correspondingly. This is equivalent to adding a dissipative term in the flow field region, and the entire 

entropy increase in the flow field will inevitably become larger. Considering that the isentropic vortex 

flow is a smooth flow, the effect of the new artificial viscosity method on the smooth area should 

theoretically be a small amount. As can be seen from Figure 2, after adding artificial viscosity, the 

increase in entropy slightly increased, but the overall consistency with the absence of artificial 

viscosity, indicating that the artificial viscosity method has little effect on the smooth area. 

  
Fig. 2 Accuracy comparison for isentropic vortex problem (L1 norm(Left) L2 norm(Right)) 

 

3.2 One-dimensional Sod problem 

(1,0,1) x 0.5
( ,u,p)

(0.125,0,0.1) x 0.5



= 

  
 

The initial conditions of the one-dimensional Sod problem are given by the above formula, with initial 

breaks at 0.5x = . In the calculation area, a total of 100 units were subdivided and the end time of 

calculation is 0.2 s. Figure 3 shows a comparison of the density distributions calculated at different 

order, where exact is the theoretical solution. As can be seen, this method can also suppress non-

physical oscillations better than the limiter method while maintaining high resolution. From the 

distribution of artificial viscosity in Fig. 4, the artificial viscosity mainly distributes in the shock 
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region, and there is almost no increment in the smooth region. With the improvement of the precision, 

the distribution of the artificial viscosity becomes more reasonable. 

  
Fig. 3 Density distribution 

 

 
Fig. 4 Value of artificial viscosity distribution 

 

3.3 Calculation of Airfoil Flow in RAE2822 
In order to investigate the performance of the proposed method on transonic flow field shock capture, 

Hartmann's method was chosen for comparison. The calculations for the RAE2822 airfoil were 

performed and the calculation state was set as 0.729Ma =  the attack angle 2.31 =  . The 

corresponding calculation grid is shown in Figure 5 below. The amount of cells is 10,000. the 

obtained airfoil surface pressure distribution is shown in Figure 6. It can be seen from the figure that 

as the order increases, it becomes more and more “sharp”, and is closer and closer to the results in 

reference [17]. Under the second-order accuracy, the pressure distribution curve obtained by this 

method is closer to the reference value, especially in the shock region, the pressure curve The 

performance is more "sharp", but under the fourth-order accuracy, the pressure distribution curves 

obtained by the two methods are not much different. Figure 8 shows the distribution of artificial 

viscosity in the flow field calculated by the two methods under different accuracy. As the order 

increases, the artificial viscosity is more and more concentrated in the shock region and the airfoil 

leading edge. Combined with the convergence of Figure 9, under the condition of transonic speed, this 

method can better suppress non-physical oscillations compared to Hartmann method. The method we 

developed can effectively avoid the influence on the smooth region of the flow field under the 

condition of ensuring convergence. 
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Fig. 5 Mesh of RAE2822 

 

 
Fig. 6 Cp distribution 

 

  
Fig. 7 Contour of pressure（Left） and Mach number（Right） 
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Fig. 8 Distribution of value of artificial viscosity 

 

 

 
Fig. 9 Comparison of residual history 

 

3.4 Hypersonic Half Cylindrical Problem 
In order to investigate the adaptability of the artificial viscosity method in the hypersonic state, a 

hypersonic half-cylindrical case was selected for testing. The number of free flow Mach number is 4 

and the calculation accuracy is 5th order. The calculation grid is shown in Figure 10. The total 

number of mesh cells is 640, and the number of mesh cells which are close to a semi-cylindrical 

surface is 32. The minimum distance from the first mesh of the near wall surface to the wall surface is 

half the cylinder diameter. In the case of 5th-order accuracy, the contours of the density, Mach 

number, and the distribution of artificial viscosities are shown in Figures 11 and 12. It can be clearly 

seen that the contours of density and Mach number are smooth and clear, the distribution is consistent, 

the shock waves are effectively captured, and the artificial viscosity is mainly concentrated in the 

shock wave area. By comparing the distribution of artificial viscosity, it can be clearly found that the 

artificial viscosity distribution obtained by our new method has a narrower range than the Hartmann’s 

method. The "pollution" of the smooth area is relatively small. Combined with the convergence of the 

two methods in Figure 13, the new method’s performance is better under hypersonic conditions, 

which is basically consistent with the Hartmann’s method. 
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Fig. 10 Computational mesh for the supersonic cylinder flow 

 

 

   

Density Mach Artificial viscosity 

Fig. 11 The contours of density, Mach number and artificial viscosity(new method) 
 

 

   
Density Mach Artificial viscosity 

Fig. 12 The contours of density, Mach number and artificial viscosity (Hartmann method) 
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Fig. 13 comparison of residual history 

 

 

4     Conclusion and Future Work 
 

We propose a step-based high-accuracy DG artificially viscous shock wave capture method. A series 

of test examples are used to evaluate the method. The comparison of isentropic vortex cases with and 

without artificial viscosity can be found in this paper. The artificial viscosity method has very little 

"pollution" in the smooth area and almost no loss in overall accuracy. The one-dimensional Sod 

example shows that the method can also suppress non-physical oscillations and trap shock waves 

effectively compared to the limiter method. With the increase of the order, the performance of 

artificial viscosity is also significantly improved. In the two-dimensional case, RAE2822 transonic 

velocity and semi-cylindrical hypersonic examples show that compared with Hartmann's artificial 

viscous shock wave capture method, this method has less influence on the smooth region under the 

same calculation results. Compared with the Hartmann’s method, the new approach has certain 

advantages in convergence. 

The artificially viscous shock wave capturing method proposed in this paper has a simple formula that 

contains only one free parameter and is easy to program. This method can effectively guarantee the 

convergence while effectively suppressing the oscillation, and has less pollution to the flow field in 

the smooth region. In the case of high order, the proposed method has certain advantages over the 

Hartmann’s method in terms of convergence. 
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