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■♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❢♦r ♠✉❧t✐♣❤❛s❡ ✢♦✇s ✐♥

✉♥❞❡r✕r❡s♦❧✈❡❞ r❡❣✐♦♥s

❆♥✐r✉❞❤ ❆s✉r✐ ▼✉❦✉♥❞❛♥†,∗✱ ❚❤✐❜❛✉t ▼é♥❛r❞∗✱ ❆❧❛✐♥ ❇❡r❧❡♠♦♥t∗ ❛♥❞ ❏♦r❣❡ ❈és❛r ❇rä♥❞❧❡ ❞❡ ▼♦tt❛∗
†❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ❛♥✐r✉❞❤✳♠✉❦✉♥❞❛♥❅❝♦r✐❛✳❢r

∗❈◆❘❙ ❯▼❘ ✻✻✶✹✕❈❖❘■❆✱ ✼✻✽✵✶ ❙❛✐♥t ➱t✐❡♥♥❡ ❞✉ ❘♦✉✈r❛②✱ ❘♦✉❡♥✱ ❋r❛♥❝❡✳

❆❜str❛❝t✿ ❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛♥ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❝❛❧❧❡❞ ♠♦♠❡♥t ♦❢ ✢✉✐❞ ✭▼❖❋✮
♠❡t❤♦❞ ❢♦r t✇♦✲♣❤❛s❡ ✢♦✇s ✉s✐♥❣ st❛t✐st✐❝❛❧ ♠♦♠❡♥ts ♦❢ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳ ■♥ ❡❛❝❤ ✢♦✇ s♦❧✈❡r
❣r✐❞ ❝❡❧❧✱ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ ❧✐q✉✐❞ ❝❡♥t❡r ♦❢ ♠❛ss ❛r❡ ✉s❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡
✉♥✐t ♥♦r♠❛❧✳ ❚❤❡ tr❛♥s♣♦rt ♦❢ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ ❝❡♥t❡r ♦❢ ♠❛ss ✐s ♣❡r❢♦r♠❡❞ ❜② ❛
❞✐r❡❝t✐♦♥❛❧❧② s♣❧✐t ❛❞✈❡❝t✐♦♥ s❝❤❡♠❡✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✈❛❧✐❞❛t❡❞✱ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤♦s❡
❢r♦♠ ❝♦✉♣❧❡❞ ❧❡✈❡❧ s❡t ✈♦❧✉♠❡ ♦❢ ✢✉✐❞ ✭❈▲❙❱❖❋✮ ♠❡t❤♦❞ ❢♦r ✷❉ ❛♥❞ ✸❉ t❡st ❝❛s❡s✱ ❛♥❞ ✐s ❢♦✉♥❞
t♦ ❜❡ ❛t ❧❡❛st s❡❝♦♥❞✕♦r❞❡r ❛❝❝✉r❛t❡ ✐♥ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ▼❖❋ ♠❡t❤♦❞ ✐s s❤♦✇♥
t♦ ♦✉t♣❡r❢♦r♠ ❈▲❙❱❖❋ ♠❡t❤♦❞ ✐♥ t❡r♠s ♦❢ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r t❤✐♥ ❛♥❞ ✉♥❞❡r✕r❡s♦❧✈❡❞
❧✐q✉✐❞ ❧✐❣❛♠❡♥ts ❛♥❞ ✜❧❛♠❡♥ts t❤❡r❡❜② ❝♦♥s❡r✈✐♥❣ ♠❛ss ✐♥ t❤❡ ❞♦♠❛✐♥✳

❑❡②✇♦r❞s✿ ♠♦♠❡♥t ♦❢ ✢✉✐❞✱ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✱ ❛t♦♠✐③❛t✐♦♥✱ ❝❡♥t❡r ♦❢ ♠❛ss✳

✶ ■♥tr♦❞✉❝t✐♦♥

❆t♦♠✐③❛t✐♦♥ ♦❢ ❧✐q✉✐❞ ❢✉❡❧ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ✐ts s✉❜s❡q✉❡♥t ❝♦♠❜✉st✐♦♥ ❛♥❞ ♣♦❧❧✉t❛♥t ❢♦r♠❛t✐♦♥✳ ❉✉❡
t♦ t❤❡ ♠✉❧t✐♣❤❛s❡ ❛♥❞ ♠✉❧t✐✕♣❤②s✐❝❛❧ ❛s♣❡❝t ♦❢ t❤✐s ❛t♦♠✐③❛t✐♦♥ ♣r♦❝❡ss✱ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ♣r♦✈❡
t♦ ❜❡ ❝❤❛❧❧❡♥❣✐♥❣ ❡♥❞❡❛✈♦r✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s ❛♥❞ ♠❡t❤♦❞s t♦ st✉❞② t❤✐s
♣r♦❝❡ss✳ ❆♥ ♦❜✈✐♦✉s r❡q✉✐r❡♠❡♥t ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s ❧❡❛st ♥✉♠❡r✐❝❛❧ ❡rr♦r ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡ ✐t ♠♦r❡ tr✉st❛❜❧❡
❛♥❞ s✉✐t❛❜❧❡ t♦ ❜❡ ✉s❡❞ ✐♥ ❞❡t❛✐❧❡❞ s✐♠✉❧❛t✐♦♥s s✉❝❤ ❛s ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❉◆❙✮ ♦❢ ❧✐q✉✐❞ ❢✉❡❧ ❥❡t
❛t♦♠✐③❛t✐♦♥ ❬✶✕✸❪✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡s❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐❞❡❛❧❧② ♠✉st r❡q✉✐r❡ ❧❡ss ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡s✱
t❤✉s ♥♦t t❛①✐♥❣ ❡✈❡♥ t❤❡ ♠♦st ♣♦✇❡r❢✉❧ s✉♣❡r❝♦♠♣✉t❡rs ❛✈❛✐❧❛❜❧❡ t♦❞❛② ❬✹❪✳

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ♣♦✇❡r❢✉❧ t♦♦❧s ❢♦r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s✱ ❢♦r ❡①❛♠♣❧❡ ❛t♦♠✐③❛t✐♦♥✳
❚❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐s ❛❝❝✉r❛t❡❧② s✐♠✉❧❛t✐♥❣ t❤❡ ❝♦♠♣❧❡①✱ t✉r❜✉❧❡♥t✱ ❛♥❞ ♠✉❧t✐♣❤❛s❡
❛t♦♠✐③❛t✐♦♥ ♣r♦❝❡ss s✐♥❝❡ t❤❡ t✇♦ ♣❤❛s❡s ❝❛♥ ❤❛✈❡ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡♥s✐t②
r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞ ❛♥❞ ❣❛s ♣❤❛s❡s ❝❛♥ ❜❡ ❛s ❤✐❣❤ ❛s 2000✳ ❚❤❡ ❜♦tt❧❡♥❡❝❦ ✇✐t❤ s✉❝❤ ❝♦♥❞✐t✐♦♥s ✐♥
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✐s t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛ ❢♦r❝❡ ❞✉❡ t♦
s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s ❣❡♥❡r❛t❡❞ ❞✉❡ t♦ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ t❤❛t ✐s ❛❝t✐♥❣ ♦♥❧② ♦♥ t❤❡ ✐♥t❡r❢❛❝❡✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤✐s ❢♦r❝❡ ❝❛♥ ❜❡ ❞✐✣❝✉❧t ❛s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ✐♥t❡r❢❛❝❡ ❝✉r✈❛t✉r❡ ✐s ❛ ♣r❡r❡q✉✐s✐t❡✳
▲❛st❧②✱ t❤❡ ❛❝❝✉r❛t❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ✐♥ s✉❝❤ ♠✉❧t✐♣❤❛s❡ ✢♦✇s ✐s ❛ ❜✐❣ ❝❤❛❧❧❡♥❣❡
❛♥❞ ❤❛s ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ t♦♣✐❝s ♦❢ ❡①t❡♥s✐✈❡ r❡s❡❛r❝❤ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛t♦♠✐③❛t✐♦♥ r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t②✳
❖❢ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦❢ ♠✉❧t✐♣❤❛s❡ ✢♦✇s✱ t❤✐s ✇♦r❦ ❛❞❞r❡ss❡s t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ ❛❝❝✉r❛t❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✳ P❛rt✐❝✉❧❛r❧②✱ t❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r
✐s ✐♥t❡♥❞❡❞ s♣❡❝✐✜❝❛❧❧② ❢♦r r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✉♥❞❡r✕r❡s♦❧✈❡❞ ✐♥t❡r❢❛❝❡ t♦♣♦❧♦❣✐❡s s✉❝❤ ❛s ❧✐q✉✐❞ ❧✐❣❛♠❡♥ts
❛♥❞ ✜❧❛♠❡♥ts✳ ❙✉❝❤ ✐♥t❡r❢❛❝❡ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡s ❛r❡ ♦❢ ✐♠♣♦rt❛♥❝❡ ✐♥ ♣r✐♠❛r② ❛t♦♠✐③❛t✐♦♥ s✐♠✉❧❛t✐♦♥s
❜❡❝❛✉s❡ ♠❛ss ❧♦ss ✐♥ t❤❡ s②st❡♠ ❝❛♥ ♦❝❝✉r ✐❢ t❤❡✐r ✐♥t❡r❢❛❝❡s ❛r❡ ♥♦t r❡❝♦♥str✉❝t❡❞ ❛❝❝✉r❛t❡❧②✳

▼❛♥② ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ♣❛st ❞❡❝❛❞❡s✱ t❤❡ ♣r♦♠✐♥❡♥t ♠❡t❤♦❞
❜❡✐♥❣ ✈♦❧✉♠❡ ♦❢ ✢✉✐❞ ✭❱❖❋✮ ♠❡t❤♦❞ ❬✺✕✽❪✳ ❚❤❡ ♣r❡❞♦♠✐♥❛♥t ✉s❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ❝♦♠❡s ❢r♦♠ ✐ts ✐♥❤❡r❡♥t
✈♦❧✉♠❡ ❝♦♥s❡r✈❛t✐♦♥ ♣r♦♣❡rt② ✇❤❡♥ r❡❝♦♥str✉❝t✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡✳ ❆♥ ✐♠♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡
❝❛♠❡ ✇✐t❤ t❤❡ ❧❡✈❡❧ s❡t ✭▲❙✮ ♠❡t❤♦❞ ❬✾✕✶✶❪ ✇❤✐❝❤ r❡❝♦♥str✉❝ts t❤❡ ✐♥t❡r❢❛❝❡ ❛s ❛ s✐❣♥❡❞ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥
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❜✉t s✉✛❡r❡❞ ❢r♦♠ t❤❡ ✈♦❧✉♠❡ ❛♥❞ ♠❛ss ❧♦ss❡s ♦❢ t❤❡ ♣❤❛s❡s ✐♥ ✉♥❞❡r✕r❡s♦❧✈❡❞ ✢♦✇ r❡❣✐♦♥s✳ ❚❤✉s✱ ❛ ❝♦✉♣❧❡❞
❧❡✈❡❧ s❡t ✈♦❧✉♠❡ ♦❢ ✢✉✐❞ ✭❈▲❙❱❖❋✮ ♠❡t❤♦❞ ❬✶✱ ✶✷✱ ✶✸❪ ❤❛❞ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛s ❛♥ ✐♠♣r♦✈❡♠❡♥t t♦ t❤❡s❡ t✇♦
♠❡t❤♦❞s t❤❡r❡❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ✈♦❧✉♠❡ ❝♦♥s❡r✈❛t✐♦♥ ❛♥❞ ❛❝❝✉r❛t❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥✳
❋✉rt❤❡r ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ♣❛st ②❡❛rs✱ t♦ st❛t❡ ❛ ❝♦✉♣❧❡ ✐♥❝❧✉❞❡✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝♦♥s✐st❡♥t ♠❛ss ❛♥❞
♠♦♠❡♥t✉♠ ✢✉①❡s ❝♦♠♣✉t❛t✐♦♥ ❬✶✹❪ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✉♥s♣❧✐t ✐♥t❡r❢❛❝❡ ❛❞✈❡❝t✐♦♥ ♠❡t❤♦❞s ❬✶✸✱✶✺❪✳

❆❧t❤♦✉❣❤ t❤❡s❡ ✐♠♣r♦✈❡❞ ♠❡t❤♦❞s ❤❛✈❡ ♣r♦✈❡❞ t♦ ❜❡ ✉s❡❢✉❧ ✐♥ s✐♠✉❧❛t✐♥❣ ♠✉❧t✐♣❤❛s❡ ✢♦✇s✱ t❤❡② ❝❛♥
st✐❧❧ ❢❛✐❧ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ❡s♣❡❝✐❛❧❧② ❢♦r ✉♥❞❡r✕r❡s♦❧✈❡❞ ✐♥t❡r❢❛❝❡ t♦♣♦❧♦❣✐❡s✳
❚♦ ❛❞❞r❡ss t❤✐s ❧✐♠✐t❛t✐♦♥✱ ♠♦♠❡♥t ♦❢ ✢✉✐❞ ✭▼❖❋✮ ♠❡t❤♦❞ ❬✶✻❪ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✐♥✕❤♦✉s❡ ❝♦❞❡
❆❘❈❍❊❘ ❬✶✱✾✱ ✶✹❪ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✳ ▼❖❋ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✕ t♦ ♣r❡s❡r✈❡ t❤❡ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐♣❤❛s❡ ✢♦✇s ❬✶✻✱✶✼❪❀ t♦ ❜❡ s❡❝♦♥❞✕♦r❞❡r ❛❝❝✉r❛t❡ ✐♥ s♣❛t✐❛❧
r❡s♦❧✉t✐♦♥ ❬✶✽❪✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ▼❖❋ ♠❡t❤♦❞ ✐s t❡st❡❞ ❢♦r ✐ts ❛❜✐❧✐t② t♦ ❝❛♣t✉r❡ ✉♥❞❡r✕r❡s♦❧✈❡❞ t♦♣♦❧♦❣✐❝❛❧
str✉❝t✉r❡s✱ t❤❡r❡❜② ❛✈♦✐❞✐♥❣ ❧♦ss ♦❢ ♠❛ss ✐♥ t❤❡ s②st❡♠✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ ❧✐q✉✐❞ ❥❡t ♣r✐♠❛r②
❜r❡❛❦✉♣✳

❚❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♥✉♠❡r✐❝s ♦❢ ▼❖❋ ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞
✐♥ ❙❡❝t✐♦♥ ✷✳ ❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠♦♠❡♥t✉♠ s♦❧✈❡r
✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✐♥✈♦❧✈❡❞ ✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢
❝♦♥✈❡❝t✐✈❡ ❛♥❞ ❞✐✛✉s✐✈❡ t❡r♠s ✐♥ t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ ▼❖❋
❛♥❞ ❈▲❙❱❖❋ ♠❡t❤♦❞s ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❢♦r ❛❝❛❞❡♠✐❝ t❡st ❝❛s❡s ✐♥ ✇❤✐❝❤ ✈❡❧♦❝✐t②
♣r♦✜❧❡ ✐s ✐♠♣♦s❡❞ ✭❙❡❝t✐♦♥ ✹✳✶✮ ❛♥❞ ✐♥ ✇❤✐❝❤ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✭❙❡❝t✐♦♥ ✹✳✷✮ ❢♦r t❤❡ ✢♦✇
✜❡❧❞ ❛♥❞ ♣r❡ss✉r❡✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ ❞r❛✇s t❤❡ ✐♠♣♦rt❛♥t ❝♦♥❝❧✉s✐♦♥s ❢r♦♠ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s
✇♦r❦✳

✷ ▼♦♠❡♥t ♦❢ ❋❧✉✐❞ ✭▼❖❋✮ ♠❡t❤♦❞

▼❖❋ ♠❡t❤♦❞ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❱❖❋ ♠❡t❤♦❞ ❢♦r ✐♥t❡r❢❛❝❡ tr❛❝❦✐♥❣ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠✉❧t✐♣❤❛s❡ ✢♦✇s✳ ❱❖❋
♠❡t❤♦❞ ✉s❡s ♦♥❧② ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ F ✭0th ♠♦♠❡♥t ♦❢ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡✮ ✐♥ ❡✈❡r② ♠✐①❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧
❝❡❧❧✳ ❆s ❛ st❡♣ ❢✉rt❤❡r✱ ▼❖❋ ♠❡t❤♦❞ tr❛❝❦s ❜♦t❤ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❧✐q✉✐❞
❝❡♥t❡r ♦❢ ♠❛ss ✭❈❖▼✮ xCOM ✭1st ♠♦♠❡♥t ♦❢ ❧✐q✉✐❞ ✈♦❧✉♠❡✮ ❢♦r t❤❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✐♥ ❡❛❝❤ s✉❝❤
❝❡❧❧✳ ❆ ♠✐①❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧✱ ✇✐t❤✐♥ t❤✐s st✉❞②✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝❡❧❧ ✐♥ ✇❤✐❝❤ 0 < F < 1 ❤♦❧❞s✳ ❚❤❡
❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ 0th ❛♥❞ 1st ♠♦♠❡♥ts ♦❢ t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❛r❡ ❣✐✈❡♥ ❛s

F =

∫

ω
dx

∫

Ω
dx

, ✭✶✮

xCOM =

∫

ω
xdx

∫

Ω
dx

, ✭✷✮

✇❤❡r❡ ω ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❧✐q✉✐❞ ♣❛❝❦❡t ✐♥s✐❞❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧ Ω✳ ❚❤❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ t❤❡s❡ t✇♦
♣❛r❛♠❡t❡rs ❡st❛❜❧✐s❤❡s ❛ s❡❧❢✲s✉✣❝✐❡♥❝② ♦❢ t❤❡ r❡q✉✐r❡❞ ✐♥❢♦r♠❛t✐♦♥ t♦ r❡❝♦♥str✉❝t t❤❡ ❛♣♣r♦①✐♠❛t❡ ✐♥t❡r❢❛❝❡
✐♥ ❛ ❝❡❧❧ t❤✉s✱ ❡r❛❞✐❝❛t✐♥❣ ❞❛t❛ r❡q✉✐r❡♠❡♥t ❢r♦♠ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ❝❡❧❧s✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ♣r♦♣❡rt②
✐s ❛ ✉♥✐❢♦r♠ tr❡❛t♠❡♥t ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝❡❧❧s ✐♥ t❤❡ ♠❡s❤ t❤✉s✱ ②✐❡❧❞✐♥❣ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
✐♥t❡r❢❛❝❡ ❛s ❤✐❣❤ ❛s t❤❛t ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡s❤ ✐ts❡❧❢✳ ❲✐t❤ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤✐s ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡
♥✉♠❡r✐❝s ♦❢ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❛❞✈❡❝t✐♦♥ ✐♥ ▼❖❋ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ❛r❡ ♣r❡s❡♥t❡❞
❜❡❧♦✇✳

✷✳✶ ■♥t❡r❢❛❝❡ ❘❡❝♦♥str✉❝t✐♦♥

❚❤❡ ❝♦♠♠♦♥❧② ✉s❡❞ ♣✐❡❝❡✇✐s❡ ❧✐♥❡❛r ✐♥t❡r❢❛❝❡ ❝❛❧❝✉❧❛t✐♦♥ ✭P▲■❈✮ ✐s ❡♠♣❧♦②❡❞ ✐♥ t❤✐s ✇♦r❦ ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣
t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡r❢❛❝❡✳ ❚❤✉s✱ t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ✐♥t❡r❢❛❝❡ ✐♥ ✸❉ ✐s ❣✐✈❡♥ ❜② ax+by+cz+d = 0✱
✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ♣❧❛♥❡✳ ■♥ ✷❉✱ t❤✐s ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❛ ❧✐♥❡✳ ❚❤❡ ✉♥✐t
♥♦r♠❛❧ n ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✐s t❤❡r❡❢♦r❡ ❡①♣r❡ss❡❞ ❛s n = [a, b, c]T ✳ ❚❤❡ s❤♦rt❡st ❞✐st❛♥❝❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❢r♦♠
t❤❡ ❝❡❧❧ ❝❡♥t❡r ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r d✳

❚❤❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✐♥ ▼❖❋ ♠❡t❤♦❞ ✐s ❛ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✶✼❪

✷



✇❤❡r❡✐♥ n ❛♥❞ d ❤❛✈❡ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ❜② t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s

| F ref − F act(n, d) |= 0, ❛♥❞ ✭✸✮

EMOF(n, d) = min
Eq. (3) holds

∥

∥xref
COM − xact

COM(n, d)
∥

∥

2
. ✭✹✮

❆❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❝♦♥t❛✐♥✐♥❣ t❤❡ s✉♣❡rs❝r✐♣t ✏r❡❢✑ r❡♣r❡s❡♥ts t❤❡ ✈❛r✐❛❜❧❡s ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✭r❡❢❡r❡♥❝❡✮
✐♥t❡r❢❛❝❡ ✇❤✐❧❡ t❤♦s❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ s✉♣❡rs❝r✐♣t ✏❛❝t✑ r❡♣r❡s❡♥ts t❤❡ ✈❛r✐❛❜❧❡s ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ r❡❝♦♥str✉❝t❡❞
✭❛❝t✉❛❧✮ ✐♥t❡r❢❛❝❡✳ ❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐s ❛ss✐st❡❞ t❤r♦✉❣❤ ❋✐❣✉r❡ ✶✳ ❚❤❡ s❤♦rt❡st ❞✐st❛♥❝❡ ♦❢

n

d

x
act

COM

x
ref

COM

❋✐❣✉r❡ ✶✿ P✐❝t♦r✐❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ r❡❢❡r❡♥❝❡ ✭s♦❧✐❞ ❧✐♥❡✮ ❛♥❞ r❡❝♦♥str✉❝t❡❞ ✭❞❛s❤❡❞ ❧✐♥❡✮ ✐♥t❡r❢❛❝❡s ❛❧♦♥❣
✇✐t❤ ❧✐q✉✐❞ ❈❖▼ ♦❢ r❡❢❡r❡♥❝❡ ✭✇❤✐t❡ ❝✐r❝❧❡✮ ❛♥❞ ❛❝t✉❛❧ ✭❜❧❛❝❦ ❝✐r❝❧❡✮ ✐♥t❡r❢❛❝❡ ✐♥ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧

t❤❡ ✐♥t❡r❢❛❝❡ ❢r♦♠ t❤❡ ❝❡❧❧ ❝❡♥t❡r d ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈♦❧✉♠❡ ❝♦♥s❡r✈❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭❝✳❢✳ ❊q✉❛t✐♦♥ ✭✸✮✮✳
❚♦ t❤✐s ❡♥❞✱ t❤❡ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t❡❞ ✐♥t❡r❢❛❝❡ ✭s❤♦✇♥ ❜② ❞❛s❤❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✶✮ ✐s ❝♦♥str✉❝t❡❞ s✉❝❤ t❤❛t
❧✐q✉✐❞ ✈♦❧✉♠❡ ✉♥❞❡r r❡❢❡r❡♥❝❡ ✭s❤♦✇♥ ❜② s♦❧✐❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✶✮ ❛♥❞ ❛❝t✉❛❧ ✭❛♣♣r♦①✐♠❛t❡❞✮ ✐♥t❡r❢❛❝❡ ✐s ❡①❛❝t❧②
t❤❡ s❛♠❡ ✉♣t♦ t❤❡ ♠❛❝❤✐♥❡ ♣r❡❝✐s✐♦♥✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ d ✐s ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ◆❡✇t♦♥✕
❘❛♣❤s♦♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ❛s ❞❡s❝r✐❜❡❞ ❜② ▼é♥❛r❞ ❡t ❛❧ ❬✶❪✳ ❚❤❡ ✐♥t❡r❢❛❝❡ ✉♥✐t ♥♦r♠❛❧ ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❜②
♠✐♥✐♠✐③✐♥❣ t❤❡ ❡rr♦r EMOF ✭❛❧s♦ ❝❛❧❧❡❞ ❞✐st❛♥❝❡ ❞❡❢❡❝t✮ ❜❡t✇❡❡♥ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ t❤❡
❛❝t✉❛❧ ❈❖▼ ♦❢ t❤❡ ❧✐q✉✐❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧ ✭❝✳❢✳ ❊q✉❛t✐♦♥ ✭✹✮✮✳

■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ n ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❬✶✼❪ ✉s✐♥❣ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ❛s ❢♦❧❧♦✇s

n =





a
b
c



 =





sinΦ cosΘ
sinΦ sinΘ

cosΦ



 . ✭✺✮

❚❤✉s✱ t❤❡ ❊q✉❛t✐♦♥ ✭✹✮ tr❛♥s❢♦r♠s ✐♥t♦ ❛ ♥♦♥✕❧✐♥❡❛r ❧❡❛st sq✉❛r❡ ♣r♦❜❧❡♠ ❢♦r (Φ,Θ)✱ ✐✳❡✳✱ ✜♥❞✐♥❣ (Φ∗,Θ∗)
s✉❝❤ t❤❛t t❤❡ ❡rr♦r EMOF ✐s ♠✐♥✐♠✉♠✱ ✐✳❡✳✱

EMOF(n, d) =
∥

∥g(Φ∗,Θ∗, d)
∥

∥

2
= min

Eq.(3) holds

∥

∥g(Φ,Θ, d)
∥

∥

2
, ✭✻✮

✇❤❡r❡ g(Φ,Θ, d) = xref
COM − xact

COM✳ ❊q✉❛t✐♦♥ ✭✻✮ ✐s s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ❢♦r (Φ∗,Θ∗) ✉s✐♥❣ ●❛✉ss✕◆❡✇t♦♥
♠❡t❤♦❞✳ ❖♥❝❡ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡tr✐❝ ❛♥❣❧❡s (Φ∗,Θ∗) ❛r❡ ❦♥♦✇♥✱ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✉♥✐t ♥♦r♠❛❧
[a, b, c]T ❝❛♥ ❜❡ r❡tr✐❡✈❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✺✮✳ ❚❤❡ ♥❡✇ r❡❢❡r❡♥❝❡ ❈❖▼ ✐♥ ❡❛❝❤ ❝❡❧❧ t❛❦❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❛❝t✉❛❧ ❈❖▼ ♣❡rt❛✐♥✐♥❣ t♦ t❤❡ r❡❝♦♥str✉❝t❡❞ ✐♥t❡r❢❛❝❡ ✉s✐♥❣ ✇❤✐❝❤ t❤❡ ♥❡✇ ✈❛❧✉❡s ♦❢ t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥ts
❛r❡ ❝♦♠♣✉t❡❞✳

✷✳✷ ■♥t❡r❢❛❝❡ ❆❞✈❡❝t✐♦♥

❚❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ ✐♥t❡r❢❛❝❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ▼❖❋ ♠❡t❤♦❞ ✐♥✈♦❧✈❡s ❛❞✈❡❝t✐♦♥ ♦❢ r❡❢❡r❡♥❝❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥
F ref ❛♥❞ ❝♦♦r❞✐♥❛t❡s ♦❢ r❡❢❡r❡♥❝❡ ❈❖▼ xref

COM✳ ❆ ❞✐r❡❝t✐♦♥❛❧❧② s♣❧✐t ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ❡♠♣❧♦②❡❞ ❢♦r t❤❡
❛❞✈❡❝t✐♦♥ ♦❢ ❜♦t❤ q✉❛♥t✐t✐❡s✳ ❚❤❡ tr❛♥s♣♦rt ❡q✉❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ❛❞✈❡❝t✐♦♥
❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✳ ❙✐♥❝❡ t❤❡ ❛❞✈❡❝t✐♦♥ ♣❡rt❛✐♥s s♦❧❡❧② t♦ t❤❡ r❡❢❡r❡♥❝❡ q✉❛♥t✐t✐❡s✱
t❤❡ s✉♣❡rs❝r✐♣t ✏r❡❢✑ ✇✐❧❧ ❜❡ ❞r♦♣♣❡❞ ✐♥ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❈❖▼ ❤❡r❡♦♥✳

✸



✷✳✷✳✶ ❱♦❧✉♠❡ ❋r❛❝t✐♦♥

❚❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ s♦❧✈❡❞ ✐♥ ❆❘❈❍❊❘ ✐s ❣✐✈❡♥ ❛s

∂F

∂t
+∇ · (Fu) = c (∇ · u); c =

{

1, F > 0.5

0, ♦t❤❡r✇✐s❡
✭✼✮

✇❤❡r❡ F ✐s t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ c ✐s ❛ ❝♦♥st❛♥t✳ ❆ ❞✐r❡❝t✐♦♥❛❧❧② s♣❧✐t ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤❡
✇♦r❦ ♦❢ ❲❡②♠♦✉t❤ ❛♥❞ ❨✉❡ ❬✶✾❪ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s
♦♥ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✈♦❧✉♠❡ ✢✉①❡s ❛❝r♦ss ❝❡❧❧
❢❛❝❡s✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✶✾❪✳

✷✳✷✳✷ ❈❡♥tr❡ ♦❢ ▼❛ss

❚❤❡ ❛❞✈❡❝t✐♦♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❈❖▼ ✐s ❣✐✈❡♥ ❛s

d

dt
(xCOM) = u(xCOM), ✭✽✮

✇❤❡r❡ u(xCOM) ✐s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥t❡r♣♦❧❛t❡❞ ❧✐♥❡❛r❧② ❢r♦♠ t❤❡ ❢❛❝❡✲❝❡♥t❡rs ♦❢ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧ t♦
t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❈❖▼✳ ❚❤✐s ✈❡❧♦❝✐t② ✐s ♥♦♥✕❞✐♠❡♥s✐♦♥❛❧✐③❡❞ ✉s✐♥❣ t❤❡ ♠❡s❤ s♣❛❝✐♥❣ ❛♥❞ t❤❡ t✐♠❡ st❡♣ s✐③❡
∆t = tn+1 − tn✱ ❤❡♥❝❡ t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ❜❡❝♦♠❡s t❤❡ ❧♦❝❛❧ ❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇② ✭❈❋▲✮ ♥✉♠❜❡r✳
■♥ t❤✐s st✉❞②✱ t❤❡ ❈❖▼ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ▲❛❣r❛♥❣✐❛♥ ♣❛rt✐❝❧❡ ❬✶✻✱ ❆♣♣❡♥❞✐① ❆❪ t❤❛t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛
❧✐q✉✐❞ ♣❛❝❦❡t✴♣❛r❝❡❧✳

❆♥ ❊✉❧❡r✐❛♥ ■♠♣❧✐❝✐t✕▲❛❣r❛♥❣✐❛♥ ❊①♣❧✐❝✐t ✭❊■✕▲❊✮ s❝❤❡♠❡ ❬✷✵❪ ✐s ❡♠♣❧♦②❡❞ ✐♥ t❤✐s st✉❞② ❢♦r s♦❧✈✐♥❣
❊q✉❛t✐♦♥ ✭✽✮✳ ❆ ✜rst✕♦r❞❡r t✐♠❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ❦❡❡♣✐♥❣ ❝♦♥st❛♥t ✈❡❧♦❝✐t② ♦✈❡r t❤❡ t✐♠❡ st❡♣
s✐③❡ ∆t ②✐❡❧❞s✱

xn+1
COM = xn

COM + u(x∗

COM) ✭✾✮

✐♥ ✇❤✐❝❤ t❤❡ ♠♦❞❡ ♦❢ t❤❡ s❝❤❡♠❡ ✐s ❊✉❧❡r✐❛♥ ■♠♣❧✐❝✐t ✐❢ x∗

COM = xn+1
COM ❛♥❞ ▲❛❣r❛♥❣✐❛♥ ❊①♣❧✐❝✐t ✐❢ x∗

COM =
xn
COM✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ t❤❡ ❝♦♥s✐st❡♥❝② ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡❝t✐♦♥ ♦❢ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ ❈❖▼✱ t❤❡ ♠♦❞❡

♦❢ t❤❡ s❝❤❡♠❡ ❢♦r ❈❖▼ ❛❞✈❡❝t✐♦♥ ✐s s✇✐t❝❤❡❞ ❜❡t✇❡❡♥ ❊■ ❛♥❞ ▲❊ ❢♦r ❛ ❈❛rt❡s✐❛♥ ❞✐r❡❝t✐♦♥ ❛t ❡❛❝❤ t✐♠❡
st❡♣✱ ✐✳❡✳✱ ✐❢ x−❞✐r❡❝t✐♦♥ ❛❞✈❡❝t✐♦♥ ♦❢ ❈❖▼ ❢♦r tn → tn+1 ✐s ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ❊■ ♠♦❞❡✱ t❤❡♥ t❤❡ x−❞✐r❡❝t✐♦♥
❛❞✈❡❝t✐♦♥ ♦❢ ❈❖▼ ❢♦r tn+1 → tn+2 ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ ▲❊ ♠♦❞❡✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤❡
❛❞✈❡❝t✐♦♥ ❛❧♦♥❣ y−❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❝♦♥s✐st❡♥t ❛❞✈❡❝t✐♦♥ ♦❢ ❈❖▼ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ❧✐q✉✐❞ ♣❛❝❦❡t✳ ❋♦r t❤❡
s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ t❤❡ z−❞✐r❡❝t✐♦♥ ❛❞✈❡❝t✐♦♥ ❢♦r t❤❡ ✸❉ t❡st ❝❛s❡s ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s
t❤❛t ♦❢ x−❞✐r❡❝t✐♦♥✳ ■♥ t❤✐s st✉❞②✱ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡❝t✐♦♥s ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❛♥❞ t❤❛t ♦❢
❈❖▼ ✐s ❝❛rr✐❡❞ ♦✉t s✐♠✐❧❛r t♦ t❤❛t ✐♥ t❤❡ st✉❞② ♦❢ ❏❡♠✐s♦♥ ❡t ❛❧ ❬✶✼❪✳

✸ ❈♦✉♣❧✐♥❣ ✇✐t❤ ♠♦♠❡♥t✉♠ s♦❧✈❡r

✸✳✶ ■♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s

❚❤❡ ♣r❡ss✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s ❞❡s❝r✐❜✐♥❣ t❤❡ ✢♦✇ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ s♦❧✈✐♥❣ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✕
❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ♦❢ t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s ❛r❡ s♦❧✈❡❞ ✐♥ ❆❘❈❍❊❘✿

∇ · u = 0, ✭✶✵✮

∂ρu

∂t
+∇ · (ρuu) = −∇P +∇ · (2µD) +B, ✭✶✶✮

✇❤❡r❡ u ✐s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✱ P ✐s t❤❡ ♣r❡ss✉r❡ ✜❡❧❞✱ µ ✐s ❞②♥❛♠✐❝ ✈✐s❝♦s✐t②✱ ρ ✐s ❞❡♥s✐t②✱ D ✐s t❤❡ str❛✐♥ r❛t❡
t❡♥s♦r ❣✐✈❡♥ ❛s D = 1

2 (∇u+(∇u)T )✱ ❛♥❞ B ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❜♦❞② ❛♥❞ s✉r❢❛❝❡ t❡♥s✐♦♥ ❢♦r❝❡s✳ B = Bb+Bst

✇❤❡r❡ Bb ✐s t❤❡ ❢♦r❝❡ ❞✉❡ t♦ ❣r❛✈✐t② ❛♥❞ Bst ✐s t❤❡ ❢♦r❝❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❛s Bst = σκδIn✳
σ r❡♣r❡s❡♥t t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥✱ κ ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡
✉♥✐t ♥♦r♠❛❧ n ❛s κ = ∇ · n✱ ❛♥❞ δI ✐s t❤❡ ❉✐r❛❝ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ❝❡♥t❡r❡❞ ♦♥ ✐t✳

✹



✸✳✷ ❋❧♦✇ s♦❧✈❡r

❚❤❡ s♦❧✈❡r ✉s❡❞ ✐♥ t❤✐s st✉❞② ✐s ❆❘❈❍❊❘✱ ✇❤♦s❡ ❝❛♣❛❜✐❧✐t✐❡s ❛r❡ ❞❡s❝r✐❜❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ ♠✉❧t✐♣❧❡ ✇♦r❦s
❬✶✱✾✱✶✹❪✳ ❚❤✐s s♦❧✈❡r ✐s str✉❝t✉r❡❞✱ ♣❛r❛❧❧❡❧ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❢♦r ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❉◆❙✮ ♦❢ ❝♦♠♣❧❡①
❛♥❞ t✉r❜✉❧❡♥t ♠✉❧t✐♣❤❛s❡ ✢♦✇s ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ st✉❞② ♣r✐♠❛r② ❜r❡❛❦✉♣ ♦❢ ❧✐q✉✐❞ ❢✉❡❧ ❥❡t✳ ❚❤✐s s♦❧✈❡r
❤❛s ❜❡❡♥ ✈❛❧✐❞❛t❡❞ ❢♦r ✈❛r✐♦✉s ❝❛s❡s ♦❢ ❝♦♠♣❧❡① t✉r❜✉❧❡♥t ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥s ❬✷✶✱ ✷✷❪ t❤✉s✱ t❤❡ ♥✉♠❡r✐❝❛❧
♠❡t❤♦❞s ❡♠♣❧♦②❡❞ ✐♥ t❤✐s s♦❧✈❡r ❛r❡ t❛✐❧♦r❡❞ ❢♦r tr❡❛t✐♥❣ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ s②st❡♠✳

❆ st❛❣❣❡r❡❞ ✈❛r✐❛❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ✉s❡❞ ✇✐t❤ ❝❡♥tr❛❧ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ❢♦r ❧❡❛st ♥✉♠❡r✐❝❛❧ ❞✐ss✐✲
♣❛t✐♦♥✳ ❖♥❡✕st❡♣ ❢♦r✇❛r❞ ❊✉❧❡r ❛♥❞ s❡❝♦♥❞✕♦r❞❡r t♦t❛❧ ✈❛r✐❛t✐♦♥ ❞✐♠✐♥✐s❤✐♥❣ ✭❚❱❉✮ ❘✉♥❣❡✕❑✉tt❛ s❝❤❡♠❡s
❛r❡ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ t✐♠❡ ❛❞✈❛♥❝❡♠❡♥t✳

✸✳✷✳✶ Pr♦❥❡❝t✐♦♥ ▼❡t❤♦❞

■♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❊q✉❛t✐♦♥s ✭✶✵✮ ❛♥❞ ✭✶✶✮✱ ❛ ♣r♦❥❡❝t✐♦♥ ♠❡t❤♦❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ▼é♥❛r❞ ❡t ❛❧ ❬✶❪ ✐s
❡♠♣❧♦②❡❞✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ♠❡t❤♦❞ ✐♥ ❆❘❈❍❊❘ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

❆❧❣♦r✐t❤♠ ✶ Pr♦❥❡❝t✐♦♥ ▼❡t❤♦❞

✶✿ ❙♦❧✈❡ ❢♦r u∗✿

u∗ = un +∆t

(

−(un · ∇)un +
1

ρn+1
∇ · (2µnD) +

1

ρn+1
B

)

✭✶✷✮

✷✿ ❙♦❧✈❡ ❢♦r ♣r❡ss✉r❡ Pn+1 ✭P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❢♦r ♣r❡ss✉r❡✮✿

∇ ·

(

1

ρn+1

(

∇Pn+1
)

)

=
∇ · u∗

∆t
✭✶✸✮

✸✿ ❙♦❧✈❡ ❢♦r un+1✿

un+1 = u∗ +
∆t

ρn+1
(−∇Pn+1) ✭✶✹✮

❊q✉❛t✐♦♥ ✭✶✸✮ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ♦♥ ❊q✉❛t✐♦♥ ✭✶✹✮✳ ❚❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ t♦ ♦❜t❛✐♥ t❤❡ ♣r❡ss✉r❡ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s r❡q✉✐r❡❞ ✐♥ ❊q✉❛t✐♦♥ ✭✶✹✮ t♦ s♦❧✈❡
❢♦r un+1✳

✸✳✷✳✷ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s

❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ✉s❡❞ ✐♥ t❤✐s st✉❞② ❢♦r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐♦✉s t❡r♠s ✐♥ t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s
❡q✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ 2nd ♦r❞❡r ❝❡♥tr❛❧ ❞✐✛❡r❡♥❝❡ s❝❤❡♠❡ ✐s ❡♠♣❧♦②❡❞ ❢♦r ❞✐s❝r❡t✐③❛t✐♦♥
♦❢ t❤❡ s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s t♦ ❛✈♦✐❞ ❛♥② ❞✐ss✐♣❛t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠ ✐s ❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ 5th

♦r❞❡r ❲❊◆❖ s❝❤❡♠❡ t♦ ❡♥s✉r❡ ❛ r♦❜✉st ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❆ ❝♦♥s✐st❡♥t ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ✢✉①
❝♦♠♣✉t❛t✐♦♥ ❬✶✹❪ ✐s ❡♠♣❧♦②❡❞✳ ❚❤❡ ✈✐s❝♦✉s t❡r♠ ✐s ❞✐s❝r❡t✐③❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙✉ss♠❛♥ ❡t
❛❧ ❬✷✸❪✳ ●❤♦st ❋❧✉✐❞ ▼❡t❤♦❞ ✭●❋▼✮ ❬✷✹❪ ✐s ❡♠♣❧♦②❡❞ ❢♦r t❤❡ s♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥
✭❊q✉❛t✐♦♥ ✭✶✸✮✮ ❢♦r t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢♦r❝❡ ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥ ❛s ❛ ♣r❡ss✉r❡ ❥✉♠♣✳ ❚❤❡ r❡s✉❧t✐♥❣
❧✐♥❡❛r s②st❡♠ ♦❢ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ✇✐t❤ ✜✈❡ ❞✐❛❣♦♥❛❧s ✐s s♦❧✈❡❞ ✉s✐♥❣ ♠✉❧t✐❣r✐❞ ❛❧❣♦r✐t❤♠
❢♦r ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ ❛ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ✭❈●✮ ♠❡t❤♦❞ ❬✾❪✳ ❚❤❡ t❡♠♣♦r❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤✐s st✉❞② ❛r❡
❞✐s❝r❡t✐③❡❞ ✉s✐♥❣ ♦♥❡✲st❡♣ ❢♦r✇❛r❞ ❊✉❧❡r s❝❤❡♠❡✳

✹ ❱❛❧✐❞❛t✐♦♥ ❛♥❞ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts

✹✳✶ ❚r❛♥s♣♦rt ❛♥❞ ❉❡❢♦r♠❛t✐♦♥ ❚❡sts

❍❛✈✐♥❣ ❞❡s❝r✐❜❡❞ t❤❡ ▼❖❋ ♠❡t❤♦❞✱ r❡s✉❧ts ❢r♦♠ ✈❛r✐♦✉s ♥✉♠❡r✐❝❛❧ t❡sts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ t♦ ❛ss❡ss
✐ts ❛❝❝✉r❛❝②✱ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ❛♥❞ ✉t✐❧✐t② ❛s ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ❝❤♦✐❝❡s ♦❢ t❤❡s❡ t❡st
❝❛s❡s ❛r❡ ♠❛❞❡ s♦ t❤❛t t❤❡ ❡rr♦rs ❞✉❡ t♦ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❛❞✈❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞✳ ■♥ ♠✉❧t✐♣❧❡

✺



t❡sts ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❝❝✉r❛❝② ♦❢ ▼❖❋ ❛♥❞ ❈▲❙❱❖❋ ❛❧❣♦r✐t❤♠s
❛r❡ ❝♦♠♣❛r❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♦r❞❡r ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡rr♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
♠❡s❤✳ ❚❤❡ ❈▲❙❱❖❋ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ▼é♥❛r❞ ❡t ❛❧ ❬✶❪ ✐s ✉s❡❞ ❢♦r r❡s✉❧t ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ▼❖❋
♠❡t❤♦❞ ✐♥ t❤✐s ✇♦r❦✳

■♥ ❛❧❧ t❤❡ t❡st ❝❛s❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❛ ❝♦♥st❛♥t ❈❋▲ ♥✉♠❜❡r ♦❢ 0.5✱ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
❛❧♦♥❣ x− ❛♥❞ y−❞✐r❡❝t✐♦♥s✱ ❛♥❞ ∆x = ∆y ✭= ∆z ✐♥ ✸❉✮ ❛r❡ ❡♠♣❧♦②❡❞✳ ❚❤❡ t✐♠❡ st❡♣ s✐③❡ ∆t ✐s ❝♦♠♣✉t❡❞
❢r♦♠ t❤❡ ❈❋▲ ♥✉♠❜❡r ❛♥❞ t❤❡ ♠❡s❤ s♣❛❝✐♥❣ ✉♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡ ❡①♣❧✐❝✐t❧②✳

❚❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r ❢♦r ❡❛❝❤ t❡st ❝❛s❡ ✈❛r✐❡s ❛♥❞ ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤r❡❡ ✇❛②s✳ ❚❤❡ ❢♦r♠✉❧❛
❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❡rr♦r r❡♣♦rt❡❞ ✐♥ t❤✐s st✉❞② ❛r❡ ❣✐✈❡♥ ❜❡❧♦✇✿

EL1
=

∑

i,j,k

Vi,j,k | F (i, j, k, T )− F (i, j, k, 0) |, ✭✶✺✮

EnL1
=

∑

i,j,k

| F (i, j, k, T )− F (i, j, k, 0) |

∑

i,j,k

| F (i, j, k, 0) |
, ❛♥❞ ✭✶✻✮

Evol =
∣

∣

∑

i,j,k

F (i, j, k, T )−
∑

i,j,k

F (i, j, k, 0)
∣

∣ ✭✶✼✮

✇❤❡r❡ F ✐s t❤❡ ❧✐q✉✐❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✱ Vi,j,k = ∆x∆y∆z ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ ❡❛❝❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❡❧❧ ✐♥ t❤❡
♠❡s❤✱ ❛♥❞ T ✐s t❤❡ ♣❤②s✐❝❛❧ ✜♥❛❧ t✐♠❡ ✉♥t✐❧ ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s r✉♥✳ ❋♦r t❤❡ ✷❉ t❡st ❝❛s❡s ♣r❡s❡♥t❡❞ ✐♥
t❤✐s st✉❞②✱ t❤❡ Vi,j,k ❜❡❝♦♠❡s t❤❡ ❛r❡❛ ♦❢ ❡❛❝❤ ❝❡❧❧ ❝♦♠♣✉t❡❞ ❛s Vi,j = ∆x∆y✳

✹✳✶✳✶ ❩❛❧❡s❛❦✬s ♥♦t❝❤❡❞ ❞✐s❦ t❡st

❋✐rst✱ t❤❡ tr❛❞✐t✐♦♥❛❧ ❩❛❧❡s❛❦✬s ♥♦t❝❤❡❞ ❞✐s❦ t❡st t❤❛t ✇❡r❡ ♣❡r❢♦r♠❡❞ ✐♥ ♠❛♥② st✉❞✐❡s✱ ❢♦r ❡①❛♠♣❧❡ ❬✶✸✱✷✺✱✷✻❪✱
✐s ♣r❡s❡♥t❡❞ ❤❡r❡✳ ■♥ t❤✐s t❡st✱ ❛ s❧♦tt❡❞ ❝✐r❝❧❡ ♦❢ ✢✉✐❞ r❡✈♦❧✈❡s ❛r♦✉♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❞♦♠❛✐♥ ✐♥ ❛ s♦❧❡♥♦✐❞❛❧
✈❡❧♦❝✐t② ✜❡❧❞✳ ❲✐t❤✐♥ t❤❡ s❝♦♣❡ ♦❢ t❤✐s t❡st✱ ▼❖❋ ❛♥❞ ❈▲❙❱❖❋ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ s❡♣❛r❛t❡❧② ❛s ✐♥t❡r❢❛❝❡
r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❡❛❝❤ ❛r❡ ❝♦♠♣❛r❡❞ ❛♥❞ ❝♦♥tr❛st❡❞✳

❚❤❡ ♣r❡♠✐s❡ ♦❢ t❤✐s t❡st ✐s ❛s ❢♦❧❧♦✇s✿ ❛ s❧♦tt❡❞ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s r = 0.15 ✉♥✐ts ❤❛✈✐♥❣ s❧♦t ✇✐❞t❤ ♦❢ 0.06
✉♥✐ts ❛♥❞ s❧♦t ❧❡♥❣t❤ ♦❢ 0.2 ✉♥✐ts ✐s ♣❧❛❝❡❞ ✐♥ ❛ 1× 1 ❞♦♠❛✐♥ ✇✐t❤ ❝❡♥t❡r ♦❢ t❤❡ ❝✐r❝❧❡ ❧♦❝❛t❡❞ ❛t (0.5, 0.75)✳
❚❤❡ r❡✈♦❧✉t✐♦♥ ♦❢ t❤✐s s❧♦tt❡❞ ❝✐r❝❧❡ ❛r♦✉♥❞ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❞♦♠❛✐♥ ✐s ❛❝❝♦♠♣❧✐s❤❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
✈❡❧♦❝✐t② ✜❡❧❞

u =
π

3.14
(0.5− y), ❛♥❞ ✭✶✽✮

v =
π

3.14
(x− 0.5). ✭✶✾✮

❙✐♥❝❡ t❤✐s ✈❡❧♦❝✐t② ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ t❤r♦✉❣❤♦✉t t❤❡ ❞♦♠❛✐♥✱ t❤❡ ✐♥t❡r❢❛❝❡ ♦❢ t❤❡ ❩❛❧❡s❛❦✬s ♥♦t❝❤❡❞ ❝✐r❝✉❧❛r
❞✐s❦ ✐s ❡①♣❡❝t❡❞ t♦ r❡t❛✐♥ t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡ ❛t t❤❡ ❡♥❞ ♦❢ r♦t❛t✐♦♥✳ ❚❤❡ t❡st ❡♥❞s ✇❤❡♥ t❤❡ ✜rst ✭❛♥t✐❝❧♦❝❦✲
✇✐s❡✮ r❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s❧♦tt❡❞ ❝✐r❝✉❧❛r ❞✐s❦ ✐s ❝♦♠♣❧❡t❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t ❛♥❞ t❤❡
r❡❝♦♥str✉❝t❡❞ ✐♥t❡r❢❛❝❡ ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✻✮✳

❚❤❡ ✐♥✐t✐❛❧ ✐♥t❡r❢❛❝❡ ✐s ❞❡♣✐❝t❡❞ ✉s✐♥❣ ❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡✱ t❤❡ ✜♥❛❧ ✐♥t❡r❢❛❝❡ ❢r♦♠ ▼❖❋ ♠❡t❤♦❞ ✐s ❞❡♣✐❝t❡❞
✉s✐♥❣ r❡❞ s♦❧✐❞ ❧✐♥❡ ✇❤✐❧❡ t❤❛t ❢r♦♠ ❈▲❙❱❖❋ ♠❡t❤♦❞ ✐s ❞❡♣✐❝t❡❞ ✉s✐♥❣ ❜❧✉❡ s♦❧✐❞ ❧✐♥❡✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞
❢r♦♠ ❋✐❣✉r❡s ✷❛ t♦ ✷❝✱ t❤❛t t❤❡ ❡rr♦r ✐♥ r❡❝♦♥str✉❝t✐♦♥ ✐s ♠❛✐♥❧② ❝♦♥❝❡♥tr❛t❡❞ ✐♥ t❤❡ r❡❣✐♦♥s ♦❢ ❤✐❣❤ ❝✉r✈❛t✉r❡
♦❢ t❤❡ ✐♥t❡r❢❛❝❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ♦❜✈✐♦✉s ❢r♦♠ ❢r♦♠ ❋✐❣✉r❡ ✷❞ t❤❛t t❤❡ ▼❖❋ ♠❡t❤♦❞ ✐s q✉❛♥t✐t❛t✐✈❡❧②
♠♦r❡ ❛❝❝✉r❛t❡ ✐♥ ❝❛♣t✉r✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ✉♥❞❡r ❛ s♦❧❡♥♦✐❞❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ t❤❛♥ ❈▲❙❱❖❋ ♠❡t❤♦❞ ❛♥❞ ❞✐s♣❧❛②s
s❡❝♦♥❞✕♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳

✹✳✶✳✷ ❱♦rt❡① ✐♥ ❛ ❜♦① t❡st

❆ ♣r♦❣r❡ss✐✈❡❧② ♠♦r❡ str✐❝t t❡st ❢♦r ❛♥ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣ ♠❡t❤♦❞ ✐s ✈♦rt❡① ✐♥ ❛ ❜♦① t❡st✳ ❚❤✐s t❡st ❛ss❡ss❡s
t❤❡ ❛❜✐❧✐t② ♦❢ ❛♥ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ t♦ r❡♣r❡s❡♥t t❤❡ ✉♥❞❡r✕r❡s♦❧✈❡❞ ✐♥t❡r❢❛❝✐❛❧ str✉❝t✉r❡s✱ s✉❝❤
❛s ❧✐❣❛♠❡♥ts✱ ✐♥ ❛ r♦❜✉st ♠❛♥♥❡r✳ ❆ ❝✐r❝✉❧❛r ❞✐s❦ ✐s ♠❛❞❡ t♦ ✉♥❞❡r❣♦ s❡✈❡r❡ ❞❡❢♦r♠❛t✐♦♥ ✉♥❞❡r ❛ ❣✐✈❡♥

✻



✭❛✮ 32× 32 ✭❜✮ 64× 64 ✭❝✮ 128× 128

10−2 10−1

10−2

10−1

∼ (∆x)2

∆x

E
n
L

1

▼❖❋
❈▲❙❱❖❋

✭❞✮ ❊rr♦r ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ❩❛✲
❧❡s❛❦ ❞✐s❦ r♦t❛t✐♦♥

❋✐❣✉r❡ ✷✿ ■♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ✐♥t❡r❢❛❝❡s ♦❢ ❩❛❧❡s❛❦✬s s❧♦tt❡❞ ❞✐s❦ ❛❢t❡r ♦♥❡ ❢✉❧❧ r❡✈♦❧✉t✐♦♥ ❛♥❞ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡
♣❧♦t❀ ✭❛✮✕✭❝✮✿ r❡❞ ❝♦♥t♦✉r ❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ ▼❖❋❀ ❜❧✉❡ ❝♦♥t♦✉r ❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ ❈▲❙❱❖❋❀ ❜❧❛❝❦ ❝♦♥t♦✉r
❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ ✐♥✐t✐❛❧ ✐♥t❡r❢❛❝❡

✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡ r❡✈❡rs✐♥❣ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ♣r❡s❝r✐❜❡❞ ✐♥ t❤❡ 1× 1 ❞♦♠❛✐♥

u = −2 sin2(πx) sin(πy) cos(πy) cos(πt/T ) ✭✷✵✮

v = 2 sin2(πy) sin(πx) cos(πx) cos(πt/T ) ✭✷✶✮

✇❤❡r❡ T ✐s t❤❡ t✐♠❡ ♣❡r✐♦❞ ♦❢ r❡✈❡rs❛❧ ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞✳ ■♥ t❤✐s st✉❞②✱ T = 6 ✐s ❝❤♦s❡♥ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢
t❤❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❛❝❝✉r❛❝②✳ ❚❤✐s ✈❡❧♦❝✐t② ✜❡❧❞ str❡t❝❤❡s ❛♥❞ t❡❛rs t❤❡ ✐♥✐t✐❛❧❧② ❝✐r❝✉❧❛r ✢✉✐❞ ❜♦❞②
❛s ✐t ❜❡❝♦♠❡s ♣r♦❣r❡ss✐✈❡❧② ❡♥tr❛✐♥❡❞ ❜② t❤❡ ✈♦rt❡① ❛♥❞ ❝♦♠❡s ❜❛❝❦ t♦ ✐ts ♦r✐❣✐♥❛❧ s❤❛♣❡ ❛t t✐♠❡ t = T ✳ ❚❤❡
❡♥tr❛✐♥♠❡♥t ✐s ❞❡♠♦♥str❛t❡❞ ❛s ❧♦♥❣ t❤✐♥ ✢✉✐❞ ✜❧❛♠❡♥t s♣✐r❛❧✐♥❣ ✐♥✇❛r❞ t♦✇❛r❞s t❤❡ ✈♦rt❡① ❝❡♥t❡r✳ ❯♥❧✐❦❡
❩❛❧❡s❛❦✬s ♥♦t❝❤❡❞ ❞✐s❦ t❡st✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ t❤✐s t❡st ✐s ♥♦♥✕❧✐♥❡❛r ❞❡❡♠✐♥❣ t❤✐s t❡st t♦ ❜❡ ❛ ♠♦r❡ r❡❛❧✐st✐❝
❛ss❡ss♠❡♥t ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✐♥t❡r❢❛❝❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸ ❢♦r t❤❡ ♠❡s❤ r❡s♦❧✉t✐♦♥s 64×64✱ 128×128✱ ❛♥❞ 256×256
✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✭❞❡♣✐❝t❡❞ ❜② ❜❧❛❝❦ s♦❧✐❞ ❧✐♥❡ ✐♥ t❤❡ s✉❜✜❣✉r❡s✮ ♦❜t❛✐♥❡❞ ♦♥ ❛ 1024 × 1024 ❣r✐❞✳
❚❤❡ t♦♣ r♦✇ ✐♥ t❤✐s ✜❣✉r❡ ♣❡rt❛✐♥ t♦ t❤❡ t✐♠❡ ✐♥st❛♥t t = T/2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠ str❡t❝❤✐♥❣ ♦❢
t❤❡ ✢✉✐❞ ❜♦❞② ❛♥❞ t❤♦s❡ ❛t t❤❡ ❜♦tt♦♠ r♦✇ ♣❡rt❛✐♥ t♦ t❤❡ t✐♠❡ ✐♥st❛♥t t = T ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡t✉r♥ t♦
t❤❡ ♦r✐❣✐♥❛❧ s❤❛♣❡✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♣r♦✈❡s t♦ ❜❡ r♦❜✉st ✐♥ t❤❡ s♠♦♦t❤ r❡❣✐♦♥s ♦❢ t❤❡ ✐♥t❡r❢❛❝❡
❛♥❞ ✐t ❝❛♥ ❜❡ s❛✐❞ q✉❛❧✐t❛t✐✈❡❧② t❤❛t t❤❡ L1−❡rr♦r r❡❞✉❝❡s ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛t ❜♦t❤ t❤❡
t✐♠❡ ✐♥st❛♥ts ♦❢ ♠❛①✐♠✉♠ str❡t❝❤ ❛♥❞ ❛t ✜♥❛❧ t✐♠❡ ✐♥st❛♥t ❛t ✇❤✐❝❤ t❤❡ ✐♥t❡r❢❛❝❡ r❡t✉r♥s ❜❛❝❦ t♦ ✐ts ♦r✐❣✐♥❛❧
s❤❛♣❡✳ ■t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ t♦♣ s✉❜✜❣✉r❡ ✐♥ ❋✐❣✉r❡ ✸❜ t❤❛t ▼❖❋ ♠❡t❤♦❞ ✐s ❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤✐♥ ❧✐❣❛♠❡♥ts
❛t t❤❡ t❛✐❧ ♦❢ t❤❡ s♣✐r❛❧ ❛t t❤❡ t✐♠❡ ✐♥st❛♥t ♦❢ ♠❛①✐♠✉♠ str❡t❝❤✳ ❋✐❣✉r❡ ✸❞ q✉❛♥t✐✜❡s t❤❡ L1−❡rr♦r ❝♦♠♣✉t❡❞
❛t t✐♠❡ t = T ✇❤❡♥ t❤❡ ✐♥t❡r❢❛❝❡ r❡t✉r♥s t♦ ✐ts ✐♥✐t✐❛❧ s❤❛♣❡✳ ❋r♦♠ t❤✐s ✜❣✉r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❜♦t❤ ▼❖❋
❛♥❞ ❈▲❙❱❖❋ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ♦❢ t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ ❛❝❝✉r❛❝② ✐♥ t❡r♠s ♦❢ r❡❝♦♥str✉❝t✐♦♥ ❡rr♦r✳
❖♥❝❡ ❛❣❛✐♥✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ▼❖❋ ♠❡t❤♦❞ ❡①❤✐❜✐t s❡❝♦♥❞✕♦r❞❡r ❛❝❝✉r❛❝② ✐♥ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥✳

✹✳✶✳✸ ❈✐r❝✉❧❛r ✢✉✐❞ ❜♦❞② ❞❡❢♦r♠❛t✐♦♥ t❡st

❚♦ ❤❛✈❡ ❡✈❡♥ ♠♦r❡ str✐♥❣❡♥t t❡st ❢♦r t❤❡ ▼❖❋ ♠❡t❤♦❞✱ ❛ ❝♦♠♣❧❡① t✐♠❡ r❡✈❡rs✐♥❣ ✈❡❧♦❝✐t② ✜❡❧❞ ❬✷✼❪ ❣✐✈❡♥ ❜②

u = sin(4π(x+ 1/2)) sin(4π(y + 1/2)) cos(πt/T ) ✭✷✷✮

v = cos(4π(x+ 1/2)) cos(4π(y + 1/2)) cos(πt/T ) ✭✷✸✮

✐s ✉s❡❞ ✐♥ t❤✐s t❡st ❢♦r t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛ ❝✐r❝✉❧❛r ❧✐q✉✐❞ ❞r♦♣❧❡t t♦ ✐♥❞✉❝❡ r❛❞✐❝❛❧ ❞❡❢♦r♠❛t✐♦♥s t♦ t❤❡
✐♥t❡r❢❛❝❡✳ ❚♦ t❤✐s ❡♥❞✱ ❛ ❝✐r❝✉❧❛r ❧✐q✉✐❞ ❞r♦♣❧❡t ♦❢ r❛❞✐✉s r = 0.15 ✉♥✐ts ✐s ♣❧❛❝❡❞ ✇✐t❤ ✐ts ❝❡♥t❡r ❛t (0.5, 0.75)
✐♥ ❛ 1 × 1 ❞♦♠❛✐♥✳ ❆t ✐ts ♠❛①✐♠✉♠ ❞❡❢♦r♠❛t✐♦♥✱ t❤❡ ❝✐r❝✉❧❛r ✢✉✐❞ ❜♦❞② ✐s ❡♥tr❛✐♥❡❞ ✐♥t♦ t✇♦ ♦❢ t❤❡ ❢♦✉r
♥❡❛r❡st ✈♦rt✐❝❡s ✇✐t❤ ❛ s♠❛❧❧ ♣♦rt✐♦♥ ✭t❤✐♥ ✜❧❛♠❡♥ts✮ ❡♥tr❛♣♣❡❞ ❜② t❤❡ t✇♦ ♦❢ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ✈♦rt✐❝❡s✳ ❚❤❡
t✐♠❡ ♣❡r✐♦❞ ❢♦r ✈❡❧♦❝✐t② r❡✈❡rs❛❧ ❝❤♦s❡♥ ✐s T = 2.0✳

✼



✭❛✮ 64× 64 ✭❜✮ 128× 128 ✭❝✮ 256× 256
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✭❞✮ ❊rr♦r ❝♦♥✈❡r❣❡♥❝❡ ❢♦r ✈♦r✲
t❡① ✐♥ ❛ ❜♦① t❡st

❋✐❣✉r❡ ✸✿ ❱♦rt❡① ✐♥ ❛ ❜♦① t❡st❀ t = T/2 ✭t♦♣ r♦✇✮ ❛♥❞ t = T ✭❜♦tt♦♠ r♦✇✮ ❛♥❞ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦t
❢♦r T = 6❀ ✭❛✮✕✭❝✮✿ r❡❞ ❝♦♥t♦✉r ❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ ▼❖❋❀ ❜❧✉❡ ❝♦♥t♦✉r ❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ ❈▲❙❱❖❋❀ ❜❧❛❝❦
❝♦♥t♦✉r ❧✐♥❡ ❝♦rr❡s♣♦♥❞ ✐♥t❡r❢❛❝❡ ❢r♦♠ 1024× 1024 ❣r✐❞

❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✹❜ t♦ ✹❞ ❢♦r t❤❡ 128× 128✱ 256× 256✱ ❛♥❞ 512× 512 ♠❡s❤ r❡s♦❧✉t✐♦♥s
r❡s♣❡❝t✐✈❡❧② ❢♦r t = T/2 ✭t♦♣ r♦✇✮ ❛♥❞ t = T ✭❜♦tt♦♠ r♦✇✮ ✇✐t❤ ✐♥✐t✐❛❧ ✐♥t❡r❢❛❝❡ ✭❜❧❛❝❦ ❧✐♥❡✮✱ r❡❝♦♥str✉❝t❡❞
✐♥t❡r❢❛❝❡s ✉s✐♥❣ ▼❖❋ ✭r❡❞ ❧✐♥❡✮✱ ❛♥❞ ❈▲❙❱❖❋ ✭❜❧✉❡ ❧✐♥❡✮ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t✐♠❡ ✐♥st❛♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱
❛ ③♦♦♠❡❞ ✈✐❡✇ ♦❢ t❤❡ ♠✐♥✐❛t✉r❡ ❧✐❣❛♠❡♥t ❢♦✉♥❞ ✐♥ t❤❡ ✜♥❛❧ t✐♠❡ ✐t❡r❛t✐♦♥ ❢♦r t❤❡ 512× 512 ♠❡s❤ ✐s s❤♦✇♥✳
❋r♦♠ t❤✐s ③♦♦♠❡❞ ✈✐❡✇ ❛❧♦♥❣ ✇✐t❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ♠❡s❤✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❞❡♣✐❝t❡❞ ✐♥t❡r❢❛❝❡ str✉❝t✉r❡
✐s ❡①tr❡♠❡❧② ✉♥❞❡r✕r❡s♦❧✈❡❞✳ ❚❤✉s✱ ❡✈❡♥ ✇✐t❤ ▼❖❋ ♠❡t❤♦❞ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥s ✐♥ t❤❡ ✜♥❛❧ ✐♥t❡r❢❛❝❡ ❛r❡
s❡❡♥ ✐♥ t❤❡ ✜❣✉r❡s ✐♥ t❤❡ t♦♣ r♦✇ ♦❢ ❋✐❣✉r❡s ✹❜ t♦ ✹❞✳ ❆❧❜❡✐t t❤✐s ❝✉rr❡♥t ❧✐♠✐t❛t✐♦♥✱ ❡✈❡♥ ✉♥❞❡r ❡①tr❡♠❡
✈❡❧♦❝✐t② ✜❡❧❞s ✇❤✐❝❤ ✐s t❡❛r✐♥❣ t❤❡ ✐♥t❡r❢❛❝❡ ❛♣❛rt✱ t❤❡ ▼❖❋ ♠❡t❤♦❞ ✐s ♦❜s❡r✈❡❞ t♦ ♣❡r❢♦r♠ s❛t✐s❢❛❝t♦r✐❧② ❢♦r
✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✉♥❞❡r ❡①tr❡♠❡ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❧✐q✉✐❞ ❜♦❞② t♦♣♦❧♦❣② ✭❝✳❢✳ t♦♣ r♦✇ ✐♥ ❋✐❣✉r❡s ✹❜
t♦ ✹❞✮✳

❚❤❡ ♣❧♦t ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ L1−❡rr♦r ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹❛ ❢♦r ♠❡s❤ r❡s♦❧✉t✐♦♥s r❛♥❣✐♥❣ ❢r♦♠
32× 32 t♦ 512× 512✳ ❚❤✐s ❡rr♦r ✐♥✐t✐❛❧❧② ❞❡❝r❡❛s❡s ❛t ❛ s❧♦✇❡r r❛t❡ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s ❢❛st❡r ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♠❡s❤ r❡s♦❧✉t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❜♦t❤ t❤❡ ▼❖❋ ❛♥❞ ❈▲❙❱❖❋ ♠❡t❤♦❞ ❡①❤✐❜✐ts ❛ t❤✐r❞✕
♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❢♦r ❛❧❧ t❤❡ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥s ❝♦♥s✐❞❡r❡❞ ❢♦r t❤✐s t❡st ❝❛s❡✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❜❡❤❛✈✐♦r
✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ♦t❤❡r t❡st ❝❛s❡s ❝♦✉❧❞ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t ❛s t❤❡ ♠❡s❤ r❡s♦❧✉t✐♦♥ ✐♥❝r❡❛s❡s✱
♣❛rt✐❝✉❧❛r❧② ❢♦r t❤✐s t❡st ❝❛s❡✱ s♠❛❧❧❡r str✉❝t✉r❡s ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ❛r❡ ✐♥❝r❡❛s✐♥❣❧② ✐❞❡♥t✐✜❡❞ t❤❡r❡❜② ❡♥❤❛♥❝✐♥❣
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ ❡rr♦r✳

✹✳✶✳✹ ▲✐q✉✐❞ s♣❤❡r✐❝❛❧ ❞r♦♣❧❡t ❞❡❢♦r♠❛t✐♦♥ t❡st

❲✐t❤ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♣❡rt❛✐♥✐♥❣ t♦ ✷❉ t❡st ❝❛s❡s✱ ✐t ✐s t❤❡r❡❢♦r❡ ✐♥t❡r❡st✐♥❣ t♦ ❛ss❡ss t❤❡
❛❝❝✉r❛❝② ♦❢ ▼❖❋ ♠❡t❤♦❞ ❢♦r ✸❉ t❡st ❝❛s❡ ✇✐t❤ ✐♠♣♦s❡❞ ♥♦♥✲❧✐♥❡❛r ✈❡❧♦❝✐t② ✜❡❧❞ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ❆s ❛♥
❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❛ t❡st ❝❛s❡✱ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❧✐q✉✐❞ ❞r♦♣❧❡t ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s t❡st ❝❛s❡✱ ✇❛s
✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❬✷✽❪ ✉s✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ▲❡❱❡q✉❡ ❬✷✾❪✱ ❛ss❡ss❡s t❤❡ r♦❜✉st♥❡ss
❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳
❋♦❧❧♦✇✐♥❣ ❬✶✸❪✱ ✐t ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❢♦r q✉❛❧✐t❛t✐✈❡ t❡st ❢♦r t❤❡ ❝❛♣❛❜✐❧✐t✐❡s ♦❢ ▼❖❋ ✐♥ ✸❉ s❡t✉♣✳

❚❤❡ t❡st ❝♦♥s✐sts ♦❢ ❛ s♣❤❡r✐❝❛❧ ❧✐q✉✐❞ ❞r♦♣❧❡t ♦❢ r❛❞✐✉s 0.15 ♣❧❛❝❡❞ ✐♥ ❛ 1× 1× 1 ❞♦♠❛✐♥ ✇✐t❤ ✐ts ❝❡♥t❡r

✽





✭❛✮ t = 0 ✭❜✮ t = 1.5 ✭❝✮ t = 3

❋✐❣✉r❡ ✺✿ ■♥t❡r❢❛❝❡ ♣♦s✐t✐♦♥ ♦❢ ❛ s♣❤❡r✐❝❛❧ ❧✐q✉✐❞ ❞r♦♣❧❡t ❛t ✈❛r✐♦✉s t✐♠❡ ✐♥st❛♥ts ❢♦r 320 × 320 × 320 ♠❡s❤
✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞

❋✐❣✉r❡ ✻✿ ❙❧✐❝❡ ♦❢ s♣❤❡r✐❝❛❧ ♠❡♠❜r❛♥❡ ❛t t = 1.5 ❢♦r s♣❤❡r✐❝❛❧ ❧✐q✉✐❞ ❞r♦♣❧❡t ❞❡❢♦r♠❛t✐♦♥ ❢♦r 320× 320× 320
♠❡s❤
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✭❜✮ ❱♦❧✉♠❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦t

❋✐❣✉r❡ ✼✿ ❊rr♦r ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦t ❢♦r ✈❛r✐♦✉s ♠❡s❤ r❡s♦❧✉t✐♦♥s ❢♦r s♣❤❡r✐❝❛❧ ❧✐q✉✐❞ ❞r♦♣❧❡t ❞❡❢♦r♠❛t✐♦♥ t❡st
✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞

✶✵



✹✳✷ ❆♣♣❧✐❝❛t✐♦♥s

❲✐t❤ t❤❡ r❡s✉❧ts ♦❢ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r ✈❛r✐♦✉s ❞❡❢♦r♠❛t✐✈❡ s❡tt✐♥❣s ♣r❡s❡♥t❡❞✱ ✇❡ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▼❖❋ ♠❡t❤♦❞ t♦ ♣r♦❜❧❡♠s t❤❛t ✐♥✈♦❧✈❡ ❝♦♠♣❧❡① ✐♥t❡r❢❛❝❡ t♦♣♦❧♦❣✐❡s ❝♦✉♣❧❡❞ ✇✐t❤ s♦❧✈✐♥❣
t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s✳

✹✳✷✳✶ ✷❉ ❙❤❡❛r ▲❛②❡r t❡st

❚❤❡ ▼❖❋ ♠❡t❤♦❞ ✐s ♥♦✇ ❛♣♣❧✐❡❞ t♦ ❛ ♣✉r❡❧② ❝♦♥✈❡❝t✐♦♥ ❞r✐✈❡♥ ♣❤②s✐❝❛❧ ♣r♦❜❧❡♠ ♦❢ ❛ ✷❉ s❤❡❛r ❧❛②❡r✳ ❚❤✐s
t❡st ✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ❈▲❙❱❖❋ ♠❡t❤♦❞ ❛s ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣ ♠❡t❤♦❞ ❜② ❱❛✉❞♦r ❬✸✵❪ ❢♦r t❡st✐♥❣ t❤❡
r♦❜✉st♥❡ss ♦❢ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥✈❡❝t✐♦♥ t❡r♠ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ✢✉①❡s✳
❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✇❛s ♣r❡s❡♥❝❡ ♦❢ ✉♥♣❤②s✐❝❛❧❧② ❤✐❣❤ ✈❡❧♦❝✐t② ✈❛❧✉❡s ✐♥ t❤❡ ❞♦♠❛✐♥ r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥❝♦rr❡❝t
❝♦♠♣✉t❛t✐♦♥ ♦❢ ♠❛ss ❛♥❞ ♠♦♠❡♥t✉♠ ✢✉①❡s ✇❤✐❝❤ ❤❛s ✐ts ❝❛✉s❛❧ ❧✐♥❦ t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r✐♥❣
♠❡t❤♦❞✳ ■t ✐s ♥♦✇ ✐♥tr✐❣✉✐♥❣ t♦ ♣❡r❢♦r♠ t❤❡ s❛♠❡ t❡st ❝❛s❡ ✇✐t❤ ▼❖❋ ❛s ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞
✉♥❞❡r s✉❝❤ ❡①tr❡♠❡ ❝♦♥✈❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧ts ✇✐t❤ t❤❛t ♦❢ ❈▲❙❱❖❋✳

■♥ t❤✐s t❡st ❝❛s❡✱ ❛ ✷❉ s❤❡❛r ❧❛②❡r ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽ ✐s ❝♦♥s✐❞❡r❡❞ ❛♥❞ ♣❧❛❝❡❞ ✐♥ ❛ L×L ❞♦♠❛✐♥ ✇✐t❤ ❛
❧✐q✉✐❞ s❤❡❛r ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss δ = L/10 ❛♥❞ ❣❛s ♣❤❛s❡ ♦♥ ✐ts ❡✐t❤❡r s✐❞❡s✳ ❚❤❡ ✈❛❧✉❡ ♦❢ L = 0.003 ✐s ❝❤♦s❡♥ ✐♥
t❤✐s ✇♦r❦✳ ❚❤❡ ❣❛s ♣❤❛s❡ ✢♦✇✐♥❣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ❛t ❛ ✈❡r② ❤✐❣❤ ✈❡❧♦❝✐t② ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❧✐q✉✐❞ ♣❤❛s❡
❝❛✉s❡s s❤❡❛r ❛♥❞ r❡s✉❧ts ✐♥ ❛t♦♠✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐q✉✐❞ s❤❡❛r ❧❛②❡r✳ ❚❤❡ ❧✐q✉✐❞ ♣❤❛s❡ ❤❛s ❞❡♥s✐t② ♦❢ ρl = 1000

L

L δ▲✐q✉✐❞

●❛s

●❛s

❋✐❣✉r❡ ✽✿ ❈♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ✷❉ s❤❡❛r ❧❛②❡r t❡st ❝❛s❡ ❞♦♠✐♥❛t❡❞ ❜② ❝♦♥✈❡❝t✐♦♥

❛♥❞ t❤❡ ❣❛s ♣❤❛s❡ ❤❛s ❛ ❞❡♥s✐t② ♦❢ ρg = 1✳ ❆ ❞✐✈❡r❣❡♥❝❡ ❢r❡❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ♣r❡s❝r✐❜❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥
❣✐✈❡♥ ❛s ❢♦❧❧♦✇s

u = A− 0.04 cos

(

2πx

L

)(

L

x

)(

−2

δ

)

exp

(

−
2y

δ

)

, ✭✷✼✮

v = 0.04 sin

(

2πx

L

)

exp

(

−
2y

δ

)

✭✷✽✮

✐♥ ✇❤✐❝❤ δ ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧✐q✉✐❞ s❤❡❛r ❧❛②❡r ❛♥❞ t❤❡ ✈❛❧✉❡ ❢♦r A ✐s t❛❦❡♥ ❛s

A =

{

30 , ✐♥ ❣❛s ♣❤❛s❡

2 , ✐♥ ❧✐q✉✐❞ ♣❤❛s❡.
✭✷✾✮

❋✐✈❡ ♠❡s❤ r❡s♦❧✉t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❡st ❝❛s❡ r❛♥❣✐♥❣ ❢r♦♠ 32×32 t♦ 512×512 ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ❛❧♦♥❣ x− ❛♥❞ y−❞✐r❡❝t✐♦♥s✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ✐s r✉♥ ✉♥t✐❧ t❤❡ ♣❤②s✐❝❛❧ t✐♠❡ t = 3× 10−3✳

✶✶
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✭❜✮ P❡❛❦ ❝❡❧❧ ❝❡♥t❡r❡❞ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❞♦♠❛✐♥

❋✐❣✉r❡ ✾✿ ❚✐♠❡✲❜❛s❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ s✉♠ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ♦❢ ❧✐q✉✐❞ ❛♥❞ ❣❛s ♣❤❛s❡s✱ ❛♥❞ ♠❛①✐♠✉♠ ✈❡❧♦❝✐t②
♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❞♦♠❛✐♥ ❢♦r 64 × 64 ♠❡s❤ r❡s♦❧✉t✐♦♥ ❢♦r ✷❉ s❤❡❛r ❧❛②❡r t❡st ❝❛s❡✳ ❙♦❧✐❞ r❡❞ ❧✐♥❡✿ ▼❖❋✱
❞❛s❤❡❞ ❜❧✉❡ ❧✐♥❡✿ ❈▲❙❱❖❋

❙✐♥❝❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ t❤✐s t❡st ❝❛s❡✱ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠
t❤❡♦r❡t✐❝❛❧❧② ❤❛s t♦ ❜❡ ♣r❡s❡r✈❡❞ ❛t ❛❧❧ t✐♠❡s✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐s ♥♦♥✕♣r❡s❡♥❝❡ ♦❢ s♣✉r✐♦✉s ✈❡✲
❧♦❝✐t② s♣✐❦❡s ❢♦r s✐♥❣❧❡ t✐♠❡ st❡♣✳ ❚♦ t❡st t❤❡s❡ t✇♦ ❡①♣❡❝t❛t✐♦♥s✱ ❛ ♣❧♦t ♦❢ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s✉♠ ♦❢
❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ♦❢ ❧✐q✉✐❞ ❛♥❞ ❣❛s ♣❤❛s❡s✱ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠❛①✐♠✉♠ ❝❡❧❧ ❝❡♥t❡r❡❞ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡

‖uc‖2

(

=
√

(uc)2 + (vc)2
)

✐♥ t❤❡ ❞♦♠❛✐♥ ❢♦r t❤❡ 64× 64 ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳

❋✐❣✉r❡ ✾❛ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ❝♦♠♣✉t❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s
♦❢ ❧✐q✉✐❞ ❛♥❞ ❣❛s ♣❤❛s❡s✳ ❚❤❡ r❡❞ s♦❧✐❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞ t♦ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ ▼❖❋ ✇❤✐❧❡ ❜❧✉❡ ❞❛s❤❡❞
❧✐♥❡ ✉s✐♥❣ ❈▲❙❱❖❋ ♠❡t❤♦❞ ✐♥ t❤✐s ♣❧♦t✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ♦✈❡r t✐♠❡
✐s ❝❛✉s❡❞ ❜② t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❲❊◆❖ s❝❤❡♠❡ ❡♠♣❧♦②❡❞ ❢♦r ❝♦♥✈❡❝t✐♦♥ t❡r♠✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐s
♠✐♥♦r ❛♥❞ t❤✉s ❡ss❡♥t✐❛❧❧② t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✐s ♣r❡s❡r✈❡❞ ♦✈❡r t✐♠❡✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ✐♥s❡t
♣❧♦t ✐♥ ❋✐❣✉r❡ ✾❛✱ ✐t ✐s ❛♣♣❛r❡♥t t❤❛t t❤❡ ❈▲❙❱❖❋ ♠❡t❤♦❞ ✐s ❡①♣❡r✐❡♥❝✐♥❣ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♠❛❧❧ s♣✐❦❡s ✐♥
t❤❡ t♦t❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ s♣✉r✐♦✉s ✈❡❧♦❝✐t② s❤♦♦t ✉♣s ✐♥ t❤❡ ❞♦♠❛✐♥ ✇❤❡♥ ✉s✐♥❣ ❈▲❙❱❖❋
♠❡t❤♦❞✳ ❙✉❝❤ s❤♦♦t ✉♣s ❛r❡ ❡✈✐❞❡♥t ❢r♦♠ ♦❜s❡r✈✐♥❣ ❋✐❣✉r❡ ✾❜ ✇❤✐❝❤ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣❡❛❦ ♦❢ t❤❡
❝❡❧❧ ❝❡♥t❡r❡❞ ✈❡❧♦❝✐t② ♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ ❞♦♠❛✐♥✳ ■t ✐s s❡❡♥ ✐♥ t❤✐s ♣❧♦t ✭❛♥❞ ✐♥ ✐ts ✐♥s❡t ♣❧♦t✮ t❤❛t t❤❡r❡ ❛r❡
❧❛r❣❡ ♥✉♠❜❡r ♦❢ s♣✉r✐♦✉s ✈❡❧♦❝✐t② s♣✐❦❡s ✐♥ t❤❡ ❞♦♠❛✐♥ ❛t ♠✉❧t✐♣❧❡ t✐♠❡ ✐♥st❛♥ts ✇❤❡♥ ❈▲❙❱❖❋ ✐s ✉s❡❞ ❛s
✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞✱ s✉❝❤ s✉❞❞❡♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❡❧♦❝✐t② ✐s
♥♦t ❡♥❝♦✉♥t❡r❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❝♦rr❡❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❢❛❝❡ ✉♥✐t ♥♦r♠❛❧ ✐♥ ▼❖❋ ♠❡t❤♦❞ t❤❡r❡❜②
❧❡❛❞✐♥❣ t♦ ❝♦rr❡❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞❡♥s✐t② r❡s✉❧t✐♥❣ ✐♥ ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ✈❡❧♦❝✐t② ✜❡❧❞✳ ❚❤✉s✱ ❝❧❡❛r❧②✱
✐t ✐s ♣r♦✈❡❞ ❛❣❛✐♥ t❤❛t ▼❖❋ ✐s ♣❡r❢♦r♠✐♥❣ ❜❡tt❡r t❤❛♥ ❈▲❙❱❖❋ ✉♥❞❡r t❤❡ ❡①tr❡♠❡ ❝♦♥✈❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤✐s s❤❡❛r ❧❛②❡r ✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵ ❢♦r t✇♦ t✐♠❡ ✐♥st❛♥ts✳ ❚❤❡
❧✐q✉✐❞✴❣❛s ✐s ✐♥t❡r❢❛❝❡ r❡♣r❡s❡♥t❡❞ ❜② s♦❧✐❞ ❜❧❛❝❦ ❧✐♥❡ ❛♥❞ t❤❡ ❝♦♥t♦✉r ♣❧♦t ✐s ❝♦❧♦r❡❞ ✉s✐♥❣ t❤❡ ♠❛❣♥✐t✉❞❡
♦❢ t❤❡ ❝❡❧❧ ❝❡♥t❡r❡❞ ✈❡❧♦❝✐t② ✐♥ t❤❡ ❝✉t ♣❧❛♥❡ s❤♦✇♥✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ ✐s ❣❡tt✐♥❣
s❡✈❡r❡❧② ❞✐st♦rt❡❞ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❣❛s ♣❤❛s❡ ❡✈❡♥ ❛t t✐♠❡s ❛s ❡❛r❧② ❛s t = 4.9× 10−4✳ ❆t t❤❡
✜♥❛❧ t✐♠❡ ✐♥st❛♥t ♦❢ t = 3× 10−3✱ t❤❡ ❧✐q✉✐❞ s❤❡❛r ❧❛②❡r ✐s ❛t♦♠✐③❡❞ ✐♥t♦ ❧❛r❣❡r ❞r♦♣❧❡ts ❛♥❞ ❧✐❣❛♠❡♥ts✳

✹✳✷✳✷ ❘❛②❧❡✐❣❤✕❚❛②❧♦r ✐♥st❛❜✐❧✐t② t❡st

❋✐♥❛❧❧②✱ t❤❡ ▼❖❋ ♠❡t❤♦❞ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❘❛②❧❡✐❣❤✕❚❛②❧♦r ✐♥st❛❜✐❧✐t② ♣r♦❜❧❡♠ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞
❡①t❡♥s✐✈❡❧② ❜② ♠❛♥②✱ ❢♦r ❡①❛♠♣❧❡ ❬✸✶✕✸✸❪✳ ❍♦✇❡✈❡r✱ t❤❡s❡ ✇♦r❦s ❞✐❞ ♥♦t ❝♦♥s✐❞❡r ❡✛❡❝t ❞✉❡ t♦ s✉r❢❛❝❡ t❡♥s✐♦♥✳
■♥ r❡❝❡♥t st✉❞✐❡s✱ s✉❝❤ ❛s ❬✶✶✱ ✶✸✱ ✷✻❪✱ t❤✐s ❡✛❡❝t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ❤❡♥❝❡✱ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞
♥✉♠❡r✐❝❛❧ s❡t✉♣ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤✐s st✉❞②✳ ❚♦ ❜❡ s♣❡❝✐✜❝✱ t❤✐s ❝❛s❡ st✉❞② ❢♦❧❧♦✇s t❤❡ ✇♦r❦ ♦❢ ❉❡s❥❛r❞✐♥s ❛♥❞
P✐ts❝❤ ❬✷✻❪✳

✶✷



✭❛✮ t = 4.9× 10
−4 ✭❜✮ t = 3× 10

−3

❋✐❣✉r❡ ✶✵✿ ▲✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ ❢♦r ✷❉ s❤❡❛r ❧❛②❡r ❝♦❧♦r❡❞ ❜② ❝♦♥t♦✉r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ❝❡❧❧ ❝❡♥t❡r❡❞ ✈❡❧♦❝✐t②
❢♦r t = 4.9× 10−4 ❛♥❞ t = 3× 10−3 ✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞✳ ❋❧♦✇ ❞✐r❡❝t✐♦♥ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t✳

■♥ t❤✐s t❡st ❝❛s❡✱ ❛ 1 × 4 ❞♦♠❛✐♥ ✐s ❝♦♥s✐❞❡r❡❞ ❝♦♥t❛✐♥✐♥❣ t✇♦ ✢✉✐❞ ♣❤❛s❡s ❛❜♦✉t ❡❛❝❤ ♦t❤❡r t❤❛t ❛r❡
s❡♣❛r❛t❡❞ ❜② ❛♥ ✐♥t❡r❢❛❝❡✳ ❚❤✐s ✐♥t❡r❢❛❝❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ③❡r♦ ✈❛❧✉❡ ♦❢ t❤❡ ❧❡✈❡❧ s❡t ❣✐✈❡♥ ❛s

φ(x, y) = y +A cos(2πx) ✭✸✵✮

✇❤❡r❡ A = 0.05 ✐s ❝❤♦s❡♥ ❢♦r t❤✐s t❡st ❝❛s❡✳ ❚❤❡ ❞❡♥s✐t② ♦❢ t❤❡ t♦♣ ✢✉✐❞ ✭❞❡♥♦t❡❞ ❛s ✢✉✐❞ ✶✮ ✐s ρ1 = 1.225
✇❤✐❧❡ t❤❛t ♦❢ t❤❡ ❜♦tt♦♠ ✢✉✐❞ ✭❞❡♥♦t❡❞ ❛s ✢✉✐❞ ✷✮ ✐s ρ2 = 0.1694✳ ❚❤❡ ❞②♥❛♠✐❝ ✈✐s❝♦s✐t✐❡s ♦❢ t❤❡ t✇♦ ✢✉✐❞s
❛r❡ s❛♠❡ µ1 = µ2 = 0.00313✳ ❚❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ✐s t❛❦❡♥ ❛s σ = 0.1337✳ P❡r✐♦❞✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s
❝♦♥s✐❞❡r❡❞ ❛❧♦♥❣ x−❞✐r❡❝t✐♦♥ ❛♥❞ ✇❛❧❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛❧♦♥❣ y−❞✐r❡❝t✐♦♥✳ ❋✐✈❡ ❞✐✛❡r❡♥t ♠❡s❤ r❡s♦❧✉t✐♦♥s
❛r❡ ❝♦♥s✐❞❡r❡❞ r❛♥❣✐♥❣ ❢r♦♠ 32× 128 t♦ 512× 2048✳ ❚❤❡ t❡st ❝❛s❡ ✐s r✉♥ ✉♣t♦ ❛ ♣❤②s✐❝❛❧ t✐♠❡ ♦❢ t = 1.2✳

❋✐❣✉r❡ ✶✶ s❤♦✇s t❤❡ ✐♥t❡r❢❛❝❡ s❤❛♣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r t❤❡ 512 × 2048 ♠❡s❤ r❡s♦❧✉t✐♦♥✳ ❚❤❡s❡
r❡s✉❧ts ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❛t ♦❢ ❉❡s❥❛r❞✐♥s ❛♥❞ P✐ts❝❤ ❬✷✻❪ t❤❛t ✇❛s ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ s♣❡❝tr❛❧❧②
r❡✜♥❡❞ ❧❡✈❡❧ s❡t ♠❡t❤♦❞✳

❋✐❣✉r❡ ✶✷ s❤♦✇s t❤❡ ✢✉✐❞ ♣❤❛s❡ ✐♥t❡r❢❛❝❡s ❢♦r ❛❧❧ ♠❡s❤ r❡s♦❧✉t✐♦♥s ❢♦r t❤❡ t✐♠❡ st❡♣s t = 1.0, 1.1, 1.2✳ ❚❤❡
❛rr♦✇ ✐♥ t❤❡s❡ ✜❣✉r❡s ✐♥❞✐❝❛t❡s t❤❡ ✐♥❝r❡❛s✐♥❣ ♠❡s❤ r❡s♦❧✉t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ❢♦r t❤✐s t❡st ❝❛s❡✳

❋♦r t❤❡ q✉❛♥t✐t❛t✐✈❡ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ▼❖❋ ♠❡t❤♦❞ ❢♦r t❤✐s t❡st✱ ❛♥ ❡rr♦r ❞❡✜♥❡❞ ❛s
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠❛①✐♠✉♠ ♣❡♥❡tr❛t✐♦♥ ♦❢ t❤❡ s♣✐❦❡ ♦❢ t❤❡ ✢✉✐❞ ✶ ✐♥t♦ ✢✉✐❞ ✷ ✐s ❝♦♠♣✉t❡❞ ❢♦r ❡❛❝❤
♠❡s❤ r❡s♦❧✉t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜♥❡st ❛s t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥✳ ❚❤✐s s♣✐❦❡ ♣❡♥❡tr❛t✐♦♥ ❡rr♦r ✐s ♣❧♦tt❡❞ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❡s❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✸ ❢♦r t✐♠❡ ✐♥st❛♥ts t = 1.0, 1.1, 1.2✳ ❚❤r❡❡ ✐♥❢❡r❡♥❝❡s
❛r❡ t♦ ❜❡ ♥♦t❡❞ ❛t t❤✐s ❥✉♥❝t✉r❡✿ ✜rst✱ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ tr❡♥❞ ♦❢ t❤❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡ ✐♥ t❤❡ ♣❧♦t
✐s ✐♥ ✈❡r② ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❛t ❢r♦♠ ❉❡s❥❛r❞✐♥s ❛♥❞ P✐ts❝❤ ❬✷✻❪❀ s❡❝♦♥❞✱ t❤❡ ❡rr♦r ✐♥✐t✐❛❧❧② ❝♦♥✈❡r❣❡s ❛t
❛ s❧♦✇❡r r❛t❡ ❛♥❞ t❤❡♥ r❛♣✐❞❧② ✐♥❝r❡❛s❡s t♦ t❤✐r❞✲♦r❞❡r ✐♥ s♣❛t✐❛❧ r❡s♦❧✉t✐♦♥❀ ❛♥❞ t❤✐r❞✱ t❤❡ ❡rr♦r ❝♦♥✈❡r❣❡♥❝❡
r❡✈❡rts ❜❛❝❦ t♦ ✜rst✲♦r❞❡r ❛❢t❡r t❤❡ 128× 256 ♠❡s❤ r❡s♦❧✉t✐♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢
s♠❛❧❧❡r ❛♥❞ ❝♦♠♣❧❡① t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡s ✇✐t❤ ❧❛r❣❡ ❝✉r✈❛t✉r❡ ❛s t❤❡ t✐♠❡ ♣r♦❝❡❡❞s✳

✺ ❈♦♥❝❧✉s✐♦♥s

❙t✉❞② ♦❢ ❧✐q✉✐❞ ❢✉❡❧ ❛t♦♠✐③❛t✐♦♥ ♣r♦❝❡ss ✐s ❡ss❡♥t✐❛❧ ✐♥ ♦r❞❡r t♦ ♠❡❡t t❤❡ str✐♥❣❡♥t ❡♠✐ss✐♦♥ ♥♦r♠s✳ ❚❤✐s ✐s ❞✉❡
t♦ t❤❡ ❢❛❝t t❤❛t t❤✐s ♣r♦❝❡ss ❤❛s ❛ ❞✐r❡❝t ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♣♦❧❧✉t❛♥t ❡♠✐ss✐♦♥s✳ ◆✉♠❡r✐❝❛❧ st✉❞②
♦❢ ❛t♦♠✐③❛t✐♦♥ ✉♥❞❡r t✉r❜✉❧❡♥t ❝♦♥❞✐t✐♦♥s ❣✐✈❡ ✐♥s✐❣❤ts ✇❤✐❝❤ ❛r❡ ♦t❤❡r✇✐s❡ ❝❤❛❧❧❡♥❣✐♥❣ t♦ ♦❜t❛✐♥ t❤r♦✉❣❤

✶✸



✭❛✮ t = 0.7 ✭❜✮ t = 0.8 ✭❝✮ t = 0.9 ✭❞✮ t = 1.0 ✭❡✮ t = 1.1 ✭❢✮ t = 1.2

❋✐❣✉r❡ ✶✶✿ ❋❧✉✐❞ ♣❤❛s❡ ✐♥t❡r❢❛❝❡ s❤❛♣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r 512 × 2048 ♠❡s❤ r❡s♦❧✉t✐♦♥ ✉s✐♥❣ ▼❖❋
♠❡t❤♦❞

✭❛✮ t = 1.0 ✭❜✮ t = 1.1 ✭❝✮ t = 1.2

❋✐❣✉r❡ ✶✷✿ ❋❧✉✐❞ ♣❤❛s❡ ✐♥t❡r❢❛❝❡ s❤❛♣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡ ❢♦r ❘❛②❧❡✐❣❤✕❚❛②❧♦r ✐♥st❛❜✐❧✐t② t❡st ✉s✐♥❣ ▼❖❋
♠❡t❤♦❞ ✇✐t❤ ❛rr♦✇ ✐♥❞✐❝❛t✐♥❣ ✐♥❝r❡❛s✐♥❣ ♠❡s❤ r❡s♦❧✉t✐♦♥s ❢r♦♠ 32× 128 t♦ 512× 2048

❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s✳
■♥ t❤✐s ✇♦r❦✱ t❤❡ ♠♦♠❡♥t ♦❢ ✢✉✐❞ ✭▼❖❋✮ ♠❡t❤♦❞ ✇❛s ♣r❡s❡♥t❡❞ ❢♦r ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ✐♥

t❤❡ ❝♦♥t❡①t ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ♠✉❧t✐♣❤❛s❡ ✢♦✇s t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣r✐♠❛r② ❜r❡❛❦✉♣

✶✹



10−3 10−2 10−1
10−3

10−2

10−1

∼ ∆x

∼ (∆x)3

∆x

❙
♣
✐❦
❡
♣
❡♥
❡t
r❛
t✐
♦♥

❡r
r♦
r

t = 1.0
t = 1.1
t = 1.2

❋✐❣✉r❡ ✶✸✿ ❊rr♦r ❝♦♥✈❡r❣❡♥❝❡ ♣❧♦t ❢♦r ✈❛r✐♦✉s ♠❡s❤ r❡s♦❧✉t✐♦♥s ❢♦r ❘❛②❧❡✐❣❤✕❚❛②❧♦r ✐♥st❛❜✐❧✐t② t❡st ❝♦♥s✐❞❡r✐♥❣
512× 2048 ♠❡s❤ ❛s r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ✉s✐♥❣ ▼❖❋ ♠❡t❤♦❞

♦❢ ❧✐q✉✐❞ ❢✉❡❧✳ ■♥ t❤✐s ♠❡t❤♦❞✱ t❤❡ ✉♥✐t ♥♦r♠❛❧ ♦❢ t❤❡ ❧✐q✉✐❞✴❣❛s ✐♥t❡r❢❛❝❡ ✐s ❝♦♠♣✉t❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❞❡❢❡❝t
✐♥ t❤❡ ✜rst ♦r❞❡r ♠♦♠❡♥t ♦❢ ❧✐q✉✐❞ ✈♦❧✉♠❡✱ ✐✳❡✳✱ ❝♦♦r❞✐♥❛t❡s ♦❢ ❧✐q✉✐❞ ❝❡♥t❡r ♦❢ ♠❛ss✱ ✐♥ ❛ ✈♦❧✉♠❡ ❝♦♥s❡r✈❛t✐✈❡
♠❛♥♥❡r✳ ❋♦r ✈❛r✐♦✉s t❡st ❝❛s❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s st✉❞②✱ ▼❖❋ ♠❡t❤♦❞ ♣r♦✈❡❞ t♦ ❜❡ ❛t ❧❡❛st ❛s ❛❝❝✉r❛t❡
❛s t❤❛t ♦❢ ❈▲❙❱❖❋ ♠❡t❤♦❞ ✐♥ t❡r♠s ♦❢ r❡❝♦♥str✉❝t✐♦♥ ❡rr♦r✱ ♣r❡s❡r✈❛t✐♦♥ ♦❢ t❤❡ s❤❛♣❡✱ ❛♥❞ ♦r✐❡♥t❛t✐♦♥
♦❢ t❤❡ ✐♥t❡r❢❛❝❡ t♦♣♦❧♦❣✐❡s✳ ▼♦r❡♦✈❡r✱ ▼❖❋ ♠❡t❤♦❞ ❞❡♠♦♥str❛t❡❞ ✐ts s✉♣❡r✐♦r ❝❛♣❛❜✐❧✐t② ♦❢ ♣r❡s❡r✈✐♥❣ t❤❡
✐♥t❡r❢❛❝❡ ❢♦r ✉♥❞❡r✕r❡s♦❧✈❡❞ t♦♣♦❧♦❣✐❝❛❧ str✉❝t✉r❡s s✉❝❤ ❛s t❤✐♥ ✜❧❛♠❡♥ts ❛♥❞ ❧✐❣❛♠❡♥ts✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s
♥❡✇ ♠❡t❤♦❞ ♦❢ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❤❛s ♣r♦✈❡❞ t♦ ❛✈♦✐❞ s♣✉r✐♦✉s ✉♥♣❤②s✐❝❛❧ ✈❡❧♦❝✐t② ❢♦r s✉❝❤ t♦♣♦❧♦❣✐❡s
❛♥❞ ♣r♦❞✉❝❡ ♥❡❛r❧② t❤✐r❞✲♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡ ❡rr♦r ✇❤❡♥ ❝♦✉♣❧❡❞ ✇✐t❤ ◆❛✈✐❡r✕❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤✐s ❞❡❡♠s
▼❖❋ ♠❡t❤♦❞ ❛ r♦❜✉st ❛♥❞ ❛❝❝✉r❛t❡ ✐♥t❡r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❉◆❙ ♦❢ ♣r✐♠❛r②
❛t♦♠✐③❛t✐♦♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ❢✉♥❞✐♥❣ ❢♦r t❤✐s ♣r♦❥❡❝t ❢r♦♠ t❤❡ ❊✉r♦♣❡❛♥ ❯♥✐♦♥✬s ❍♦r✐③♦♥ ✷✵✷✵ r❡s❡❛r❝❤ ❛♥❞ ✐♥♥♦✈❛t✐♦♥ ♣r♦❣r❛♠♠❡
✉♥❞❡r t❤❡ ▼❛r✐❡ ❙❦➟♦❞♦✇s❦❛✲❈✉r✐❡ ❣r❛♥t ❛❣r❡❡♠❡♥t ◆◦ ✻✼✺✻✼✻ ✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳ ❚❤❡ ❝♦♠♣✉t✐♥❣
t✐♠❡ ❛t ❈❘■❆◆◆ ✭❈❡♥tr❡ ❘é❣✐♦♥❛❧ ■♥❢♦r♠❛t✐q✉❡ ❡t ❞✬❆♣♣❧✐❝❛t✐♦♥s ◆✉♠ér✐q✉❡s ❞❡ ◆♦r♠❛♥❞✐❡✮ ✉♥❞❡r t❤❡
s❝✐❡♥t✐✜❝ ♣r♦❥❡❝t ◆♦✳ ✷✵✵✸✵✵✽ ✐s ❛❧s♦ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚✳ ▼é♥❛r❞✱ ❙✳ ❚❛♥❣✉②✱ ❛♥❞ ❆✳ ❇❡r❧❡♠♦♥t✳ ❈♦✉♣❧✐♥❣ ❧❡✈❡❧ s❡t✴❱❖❋✴❣❤♦st ✢✉✐❞ ♠❡t❤♦❞s✿ ❱❛❧✐❞❛t✐♦♥ ❛♥❞
❛♣♣❧✐❝❛t✐♦♥ t♦ ✸❉ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠❛r② ❜r❡❛❦✲✉♣ ♦❢ ❛ ❧✐q✉✐❞ ❥❡t✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐♣❤❛s❡
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